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and therefore
wd ( A(v)coty )
fan f,,,,(% {1 + cot’a sin’vj do
s |- 1 A (v) tana PRy Ay

A % Sl LI
v, (1 + cot’a sin‘v) sin*v

=-K'-K, -K,
say. The equation therefore becomes
K,- K,-K,=- K, - K,~ K,
that is K +K/=0.
This is
fu.__‘}_(v) {cota+g-:—n._g} dv=0;

v, 1 + cot’a sin’v n'v

or, neglecting the factor tana, we have the equation in the

form
f”nA(v) dv=0.

v, B0V

5. To evaluate this integral, we now introduce elliptic
functions as in the earlier paper. Writing

= amu,
and denoting by u, and , the limits corresponding to v, and
v,, we find
4, 80U
But
dn’u /s enu dnu
snu du=Ku=ZH) snu

as an indefinite integral ; and therefore we have
cnu, dnu
0

cnu, dnu ;
"y — =% - E(u) - ——
k'u, E(“l) B0, ° () 11 U, )

as the equation determining u, when u, is given. L
One remark may be made about this result. Taking

du=f (),

dn’u
sn’u
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we have df(u)/du a positive quantity, so that f(u) is con-
tinually increasing as u increases; yet the equation gives
J(u,)=f(u,). The explanation is that f(w) passes through
an infinite valoe—at u»=2K—and changes its sign from

positive to negative; it then begins to increase again from
— .

The equation can be taken in the form

E*(u, —u,) =E(u) - E(u) - (cn u, dnu, _eny, dnul) '

80 u, 81w,

= E(u, - u)) — k" snu snu, sn(u, — u,)
sn (u, —

u
= %) (1 = & sn’u, sn’u)
. snu, s Y,

sn (u, — u,)
=E(u,-u)—-—1—22;
(4 =) snw, snw, ’
and therefore finally
sn (u, — u,) = {E(u, —u,) = k" (u, —u,)} snw, snw,
is the equation to determine %. It is evidently satisfied by

u,=u,; the required value of #%, is the root of the equation
next greater than u,.

If preferred, the Zeta-function can be used instead of the
second elliptic integral. Kor any argument, we have

Z(u):E(u)—%u,
and, therefore, -
'3 7
E(u) - K= Z(u) + E—“Z" "
p. G
=Z(u) + T
where @ is the quantity introduced by Glaisher.* The
equation thus becomes
o (o, —

—HO) = E(ul - uo) - k“‘ (ul = uo)

8I ll«l sn u,
) G
LDy Z(“l e uo) + T;(ul - uo)

- 2¢cc’ dK
= Z(u‘ = uo) + '—-'li: 7(: (“l - uﬁ).

* Quart, Journal, Vol. X1X. (1883), pp. 146—157; 1b., Vol. XX. (1886), pp.
313—361.
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6. Taking the equation in the form
on (u, — u,) =snu, snu, {£(u, —u,) — ¢ (u,—u)},

we at once see that
if u,=0, then u, =2K,
and if u,= 2K, then u, =4K.

On account of the symmetrical undulation of the geodesic,
it is sufficient to take into account values of u,, such that

0<u, <2K,

in addition to the two limiting values already mentioned.
If we consider the curves,

- ’
SRt BE-u) - @),
- SNz snu, )
. : 5 omdaia i
the first value of w increasing from w, for which y, = y,, is u,
Fig. 1 Fig. 2

/

o "b 2K, u, 4K
+2K

i d2
Now these curves, when traced, are as in figures 1 an
respectively ; hence
' u, + 2K <u, <4K,

If we take u, —u,=2K+6,
go that 0<0, <2K —u,
sn (2K +6,)
WE $= (2K + u,+ 0,) sny,
sn 6,

BN er————
sn (u, + 0,) snu,

y,=2G +E(8)-c8,;
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and 4, is determined, between the above limits by the equation

snéb, /
— s E(6)-ca,.
80 (4, + t,) snu, et d U Syt

7. When the ellipticity of the oblate spheroid is small,

c¢issmall. Then @ is small ; and as

0,
E(6,)-c6, = cj en’u du,

it follows that sn 0, (and therefore 6,) is small of the same

order as ¢, Consequently L (6,)-c'0, is of the second order
in c; also

dK
G =2cc’ ==
c

= {me,

80 far as regards the most important term. Hence, when
second powers of the ellipticity (and therefore second powers

of ¢) are negligible, we have
6, =dme sn’u,,
and consequently the excess of u, — u, above 7 is
iwe (1 + 2 sn'u,)
to the first order of small quantities,

8. In what precedes, it has been assumed that the geodesic
is not a meridian. The special case in which it is a meridian
is given by a=0 and then /' — s so that the preceding

formule apply on the understanding that the modulus of the
elliptic functions is ¢’ instead of

e’ cos’y

1—¢'sin'a "
In particular, when %,=0 the conjugate is given by
U =2m or §=m: that is, the conjugate of either pole is the
other pole—a result to be expected.

25 January, 1896.






