This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of
to make the world’s books discoverable online.

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was nevel
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domair
are our gateways to the past, representing a wealth of history, culture and knowledge that’s often difficult to discover.

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book’s long journey fro
publisher to a library and finally to you.

Usage guidelines

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belon
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have take
prevent abuse by commercial parties, including placing technical restrictions on automated querying.

We also ask that you:

+ Make non-commercial use of the fild&e designed Google Book Search for use by individuals, and we request that you use these fil
personal, non-commercial purposes.

+ Refrain from automated queryirigo not send automated queries of any sort to Google’s system: If you are conducting research on m:
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encc
use of public domain materials for these purposes and may be able to help.

+ Maintain attributionThe Google “watermark” you see on each file is essential for informing people about this project and helping ther
additional materials through Google Book Search. Please do not remove it.

+ Keep it legalWhatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume |
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users
countries. Whether a book is still in copyright varies from country to country, and we can’t offer guidance on whether any specific
any specific book is allowed. Please do not assume that a book’s appearance in Google Book Search means it can be used in al
anywhere in the world. Copyright infringement liability can be quite severe.

About Google Book Search

Google’s mission is to organize the world’s information and to make it universally accessible and useful. Google Book Search helps
discover the world’s books while helping authors and publishers reach new audiences. You can search through the full text of this book on
athttp://books.google.com/ |



http://google.com/books?id=a1wTJR3kHwUC

BIBLIOGRAPHIC RECORD TARGET

Graduate Library
University of Michigan

Preservation Office

Storage Number:

ABR1255

ULFMTBRTaBLmT/C DT09/12/88R/DT 09/12/88 CC STAT mmE/L1
010: : |a 02010849

035/1: : |a (RLIN)MIUGB86-B49970

035/2: : |a (CaOTULAS)160122582

040: : |c NhD |d MiU

041:1: |aeng |hlat

050/1:0: |a QA641 |b .G27

100:1 : |a Gauss, Carl Friedrich, |d 1777-1855.

245:00: |a General investigations of curved surfaces of 1827 and 1825; |c tr.
with notes and a bibliography by James Caddall Morehead and Adam Miller
Hiltebeitel.

260: : |a [Princetor] |b The Princeton University Library, |c 1902.

300/1: : |avp.,1L.,126p.,1L. [c28x24 cm.

500/1: : |a Athead of title: Karl Friedrich Gauss.

500/2: : |a Translation of: Disquisition generales circa superficies curvas.
505/3:0: |a Gauss's paper of 1827, General investigations of curved surfaces
[Commentationes Societatis regiae scientiarum gottingensis recentiores, vol.
VL. Gottingae, MDCCCXXVIII]--Gauss's abstract of the paper of 1827
[Gottingische gelehrte anzeigen, November 5, 1827]--Notes on the paper of
1827.--Gauss's paper of 1825, New general investigations of curved surfaces

Scanned by Imagenes Digitales
Nogales, AZ

On behalf of
Preservation Division
The University of Michigan Libraries

Date work Began:
Camera Operator:




Hosted by Goog[e



Hosted by Goog[e



KARL FRIEDRICH (GAUSS

GENERAL INVESTIGATIONS

OF

CURVED SURFACES

OF

1827 anD 1825

TRANSLATED WITH NOTES

AND A
BIBLIOGRAPHY
BY '

JAMES CADDALL MOREHEAD, A M., M.S,, axp ADAM MILLER HILTEBEITEL, A.M.
J. S. K. FELLOWS IN MATHEMATICS IN PRINCETON UNIVERSITY

THE PRINCETON UNIVERSITY LIBRARY
1902



Copyright, 1902, by

Tue PriNcETOoN UNIVERSITY LIBRARY

C. 8. Robinson & Cv., University Press
Princeton, N. J.



INTRODUCTION

In 1827 Gauss presented to the Royal Society of Gottingen his important paper on
the theory of surfaces, which seventy-three years afterward the eminent Krench
geometer, who has done more than any one else to propagate these principles, charac-
terizes as one of Gauss’s chief titles to fame, and as still the most finished and use-
ful introduction to the study of infinitesimal geometry'. This memoir may be called :
Greneral Investigations of Curved Surfaces, or the Paper of 1827, to distinguish it
from the original draft written out in 1825, but not published until 1900. A list of
the editions and translations of the Paper of 1827 follows. There are three editions
in Latin, two translations into French, and two into German. The paper was origin-
ally published in Latin under the title:

Ia. Disquisitiones generales circa superficies curvas
auctore Carolo Friderico Gauss
Societati regice oblatee D. 8. Octob. 1827,

and was printed in: Commentationes societatis regiee scientiarum Gottingensis recen-
tiores, Commentationes classis mathematicee. Tom. VI. (ad a. 1823-1827). Gottingse,
1828, pages 99-146. This sixth volume is rare; so much so, indeed, that the British
Museum Catalogue indicates that it is missing in that collection. With the signatures
changed, and the paging changed to pages 1-50, Ia also appears with the title page
added :

I5. Disquisitiones generales circa superficies curvas
auctore Carolo Friderico Gauss.
Gottingee. Typis Dieterichianis. 1828.

II. In Monge’s Application de lanalyse a la géométrie, fifth edition, edited by
Liouville, Paris, 1850, on pages 505-546, is a reprint, added by the Editor, in Latin
under the title: Recherches sur la théorie générale des surfaces courbes; Par M.

C.-F. Gauss.

'@, Darboux, Bulletin des Sciences Math. Ser. 2, vol. 24, page 278, 1900,
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IIIa. A third Latin edition of this paper stands in: Gauss, Werke, Herausge-
geben von der Koniglichen Gesellschaft der Wissenschaften zu Gottingen, Vol. 4, Got-
tingen, 1873, pages 217-258, without change of the title of the original paper (Ia).

IIT4. The same, without change, in Vol. 4 of Gauss, Werke, Zweiter Abdruck,
Gottingen, 1880.

IV. A Trench translation was made from Liouville’s edition, II, by Captain
Tiburce Abadie, ancien éléve de I'Ecole Polytechnique, and appears in Nouvelles
Annales de Mathématique, Vol. 11, Paris, 1852, pages 195-252, under the title:
Recherches générales sur les surfaces courbes; Par M. Gauss. This latter also
appears under its own title.

Va. Another French translation is: Recherches Générales sur les Surfaces
Courbes. Par M. C.-F. Gauss, traduites en francais, suivies de mnotes et d’études
sur divers points de la Théorie des Surfaces et sur certaines classes de Courbes, par
M. E. Roger, Paris, 1855.

Vb, The same. Deuxiéme Hdition. Grenoble (or Paris), 1870 (or 1871), 160
pages.

VI. A German translation is the first portion of the second part, namely, pages
198-232, of: Otto Boklen, Analytische Geometrie des Raumes, Zweite Auflage, Stutt-
gart, 1884, under the title (on page 198): Untersuchungen iiber die allgemeine Theorie
der krummen Flachen. Von C. F. Gauss. On the title page of the book the second
part stands as: Disquisitiones generales circa superficies curvas von C. F. Gauss, ins
Deutsche iibertragen mit Anwendungen und Zusitzen . . ..

VIIa. A second German translation is No. 5 of Ostwald’s Klassiker der exacten
Wissenschaften: Allgemeine Flidchentheorie (Disquisitiones generales circa superficies
curvas) von Carl Friedrich Gauss, (1827). Deutsch herausgegeben von A. Wangerin.
Leipzig, 1889. 62 pages.

VIIbs. The same. Zweite revidirte Auflage. Leipzig, 1900. 64 pages.

The English translation of the Paper of 1827 here given is from a copy of the
original paper, Ie; but in the preparation of the translation and the notes all the
other editions, except Va, were at hand, and were used. The excellent edition of
Professor Wangerin, VII, has been used throughout most freely for the text and
notes, even when special notice of this is not made. It has been the endeavor of
the translators to retain as far as possible the notation, the form and punctuation of
the formulse, and the general style of the original papers. Some changes have been
made in order to conform to more recent notations, and the most important of these
are mentioned in the notes.
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The second paper, the translation of which is here given, is the abstract (Anzeige)
which Gauss presented in German to the Royal Society of Gottingen, and which was
published in the Gottingische gelehrte Anzeigen. Stiick 177. Pages 1761-1768. 1827.
November 5. It has been translated into English from pages 341-8347 of the fourth
volume of Gauss’s Works. This abstract is in the nature of a note on the Paper of
1827, and is printed before the notes on that paper.

Recently the eighth volume of Gauss’s Works has appeared. This contains on
pages 408-442 the paper which Gauss wrote out, but did not publish, in 1825. This
paper may be called the New General Investigations of Curved Surfaces, or the Paper
of 1825, to distinguish it from the Paper of 1827. The Paper of 1825 shows the
manner in which many of the ideas were evolved, and while incompléte and in some
cases inconsistent, nevertheless, when taken in connection with the Paper of 1827,
shows the development of these ideas in the mind of Gauss. In both papers are
found the method of the spherical representation, and, as types, the three important
theorems : The measure of curvature is equal to the product of the reciprocals of the
principal radii of curvature of the surface, The measure of curvature remains unchanged
by a mere bending of the surface, The excess of the sum of the angles of a geodesic
triangle is measured by the area of the corresponding triangle on the auxiliary sphere.
But in the Paper of 1825 the first six sections, more than one-fifth of the whole paper,
take up the consideration of theorems on curvature in a plane, as an introduction,
before the ideas are used in space; whereas the Paper of 1827 takes up these ideas
for space only. Moreover, while Gauss introduces the geodesic polar coordinates in
the Paper of 1825, in the Paper of 1827 he uses the general coordinates, p, ¢, thus
introducing a new method, as well as employing the principles used by Monge and
others. _

The publication of this translation has been made possible by the liberality of
the Princeton Library Publishing Association and of the Alumni of the University
who founded the Mathematical Seminary.

H. D. TrOMPSON.
MATHEMATICAL SEMINARY,

PrINCETON UNIVERSITY LIBRARY,
January 29, 1902.
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GENERAL INVESTIGATIONS

OF

CURVED SURFACES

BY

KARL FRIEDRICH GAUSS

PRESENTED TO THE ROYAL SOCIETY, OCTOBER 8, 1827

1.

Investigations, in which the directions of various straight lines in space are to be
considered, attain a high degree of clearness and simplicity if we employ, as an auxil-
iary, a sphere of unit radius described about an arbitrary centre, and suppose the
different points of the sphere to represent the directions of straight lines parallel to
the radii ending at these points. As the position of every point in space is deter-
mined by three coordinates, that is to say, the distances of the point from three mutually
perpendicular fixed planes, it is necessary to consider, first of all, the directions of the
axes perpendicular to these planes. The points on the sphere, which represent these
directions, we shall denote by (1), (2), (8). The distance of any one of these points
from either of the other two will be a quadrant; and we shall suppose that the direc-
tions of the axes are those in which the corresponding coordinates increase.

2.

It will be advantageous to bring together here some propositions which are fre-
quently used in questions of this kind.

I. The angle between two intersecting straight lines is measured by the are
between the points on the sphere which correspond to the directions of the lines.

II. The orientation of any plane whatever can be represented by the great circle
on the sphere, the plane of which is parallel to the given plane.
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III. The angle between two planes is equal to the spherical angle between the
great circles representing them, and, consequently, is also measured by the arc inter-
cepted between the poles of these great circles. And, in like manner, the angle of inclina-
tion of a straight line to a plane is measured by the arc drawn from the point which
corresponds to the direction of the line, perpendicular to the great circle which repre-
sents the orientation of the plane.

IV. Letting =z, y, 2; 2/, ', 2’ denote the coordinates of two points, » the distance
between them, and Z the point on the sphere which represents the direction of the line
drawn from the first point to the second, we shall have

#'=2x~+rcos (1)L
Y=y +rcos(2)L
Z=z+rcos(3)L

V. From this it follows at once that, generally,
- cos? (1)L + cos?(2)L + cos? (3) L =1
and also, if L’ denote any other point on the sphere,
cos (1).L . cos (1)L’ + cos (2)L . cos (2)L'+ cos (3)L . cos (8)L/= cos LL'.

V1. Turorem. If L, L', L”, I'" denote four points on the sphere, and A the angle
which the arcs LL'y I'"L"" make ot their point of intersection, then we shall have

cos LL" . cos E’L”’— cos LI .cos 'L —= sin LL' . sin L""L'" . cos 4

Demonstration. Let A denote also the point of intersection itself, and set
AL — t, AL'=¢, AL'=1¢", A_L'”: g
Then we shall have
cos LL" — cos¢.cos?’ + sint sin#” cos 4
cos /L' = cos ¢’ cos ¢+ sin?’ sin¢"” cos 4
cos LL"" — cos ¢ cos?”’+ sint sin¢"”’ cos 4
cos L/L" = cos?' cost” + sin#’ sin#” cos 4
and consequently,
cos LL" . cos L' L""—cos LL'". cos L'L"
=cos A (cos? cos?’ sin¢’ sin#”' + cos?’ cos¢” sini sin¢”
—cos ¢ cos ¢’ sin¢’ sin#'’— cos ¢’ cos ¢/ sin ¢ sin ¢'")
= 08 A (cos ¢ sin #/—sin ¢ cos ¢) (cos ¢ sin ¢"'— sin ¢ cos ¢'')
=cos 4 . sin ('—*) . sin (""'—¢")
=008 A . sin LL' . sin L"L"
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But as there are for each great circle two branches going out from the point 4,
these two branches form at this point two angles whose sum is 180°. But our analysis
shows that those branches are to be taken whose directions are in the sense from the
point L to I/, and from the point L' to L'”; and since great circles intersect in two
points, it is clear that either of the two points can be chosen arbitrarily. Also, instead
of the angle A, we can take the arc between the poles of the great circles of which the
arcs L L', I L' are parts. But it is evident that those poles are to be chosen which
are similarly placed with respect to these arcs; that is to say, when we go from Z to Z/
and from L' to L'”, both of the two poles are to be on the right, or both on the left.

e
VII. Let Z, I/, L' be the three points on the sphere and set, for brevity,
cos (1)L ==, cos (2)L =y, cos(8)L ==z
cos (1)L =/, cos (2)L/ =y', cos (3) L =2’
cos (1)L = &, cos (2)L" = y", cos (8)L"= 2"
and also
xy/ 2"+ x/y/r 2+ xnyz/__xy// z’——x’y z//__x//y/ z2—A
Let N\ denote the pole of the great circle of which L’ is a part, this pole being the one

that is placed in the same position with respect to this arc as the point (1) is with
respect to the arc (2)(3). Then we shall have, by the preceding theorem,

y 2 —y 2=cos(1)\ .sin(2)(3) . sin LL/,
or, because (2)(3) = 90°,
y 2 —y 2=cos(L)\ .sin LL/,
and similarly,
24 —2 x=cos (2)\ .sin LL
2y —a'y=cos (3)\ . sin LL'

Multiplying these equations by #"/, y”/, 2’ respectively, and adding, we obtain, by means
of the second of the theorems deduced in V, o

A =cos \ L' .sin LL'

Now there are three cases to be distinguished. Fursf, when L lies on the great circle
of which the arc LZ’ is a part, we shall have NL”=90°, and consequently, A = 0.
If L” does not lie on that great circle, the second case will be when Z” is on the same
side as N ; the fhird case when they are on opposite sides. In the last two cases the
points L, L', L’" will form a spherical triangle, and in the second case these points will lie
in the same order as the points (1), (2), (3), and in the opposite order in the third case.
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Denoting the angles of this triangle simply by Z, L/, I'" and the perpendicular drawn on
the sphere from the point L to the side LL’ by p, we shall have

sinp=sin L.sin LL"=sin I/ .sin I/ ",
and

A L'=90° x p,
the upper sign being taken for the second case, the lower for the third. From this
it follows that ’
* A=sinL.sin LI/ .gin LL"” = sin L . sin LL'. sin I "
=sin L".sin LL".gin I/ L

Moreover, it is evident that the first case can be regarded as contained in the second or
third, and it is easily seen that the expression = A represents six times the volume of
the pyramid formed by the points Z, Z/, L” and the centre of the sphere. Whence,
finally, it is clear that the expression *= & A expresses generally the volume of any
pyramid contained between the origin of coordinates and the three points whose coor-
dinates are z, g, 2; 2,4/, ; 2", y", 2.

3.

A curved surface is said to possess continuous curvature at one of its points 4, if the
directions of all the straight lines drawn from A to points of the surface at an infinitely
small distance from A are deflected infinitely little from one and the same plane passing
through 4. This plane is said to fouch the surface at the point 4. If this condition is
not satisfied for any point, the continuity of the curvature is here interrupted, as happens,
for example, at the vertex of a cone. The following investigations will be restricted to
such surfaces, or to such parts of surfaces, as have the continuity of their curvature
nowhere interrupted. We shall only observe now that the methods used to determine
the position of the tangent plane lose their meaning at singular points, in which the
continuity of the curvature is interrupted, and must lead to indeterminate solutions.

4.

The orientation of the tangent plane is most conveniently studied by means of the
direction of the straight line normal to the plane at the point A, which is also called the
normal to the curved surface at the point 4. We shall represent the direction of this
normal by the point Z on the auxiliary sphere, and we shall set

cos ()L =X, cos(2)L=Y, cos(8)L=1Z;

and denote the coordinates of the point 4 by 2, y, 2. Also let # + dz, y + dy, 2 + dz
be the coordinates of another point 4’ on the curved surface; ds its distance from 4,
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which is infinitely small; and finally, let X be the point on the sphere representing the
direction of the element A A’. Then we shall have

dr =ds.cos (1), dy =ds.cos(2)\, dz=ds.cos(3)\
and, since A L must be equal to 90°,
X cos (1)A + Y ecos (2)N 4+ Z cos (3)A =0
By combining these equations we obtain
Xde+Ydy+Zde=0.

There are two general methods for defining the nature of a curved surface. The
Jirst uses the equation between the coordinates z, y, 2z, which we may suppose reduced to
the form W = 0, where W will be a function of the indeterminates #, y, 2. Let the com-
plete differential of the function W be

dW=Pdz+ Qdy+ Rdz
and on the curved surface we shall have

Pdr+ Qdy+ Rdz=0
and consequently,

P cos ()N + @ cos (2)N + B cos () =0

Since this equation, as well as the one we have established above, must be true for the
directions of all elements ds on the curved surface, we easily see that X, ¥, Z must be
proportional to P, @, R respectively, and consequently, since

X:+ Y2+ Z7=1,
we shall have either
. P . p— Q , g R
TV (P @+ RY TV (P @+ RY TV (PPt @+ RY

X

or

___-P . —@ . . —R

TV (PP @+ RY TV (PPt P+ RY TV (P @+ RY
The second method expresses the coordinates in the form of functions of two varia-

bles, p, ¢. Suppose that differentiation of these functions gives

de=adp+da dg
dy=>0bdp+ b dg
dz=cdp -+ dg

X




8 KARL FRIEDRICH GAUSS

Substituting these values in the formula given above, we obtain
(@X+oY+ceZ)dp + (o X+ Y+ Z)dg=0

Since this equation must hold independently of the values of the differentials dp, dg,
we evidently shall have '

e X+b¥Y+¢Z=0, / X+ Y+ Z=0
From this we see that X, ¥, Z will be proportioned to the quantities
b’ —cb'y, cd'—ac, ab—bd
Hence, on setting, for brevity, ‘
V(b —ct/) + (cd/ —ad )+ (b —bd)*) =A
we shall have either

X

b — b
- A

y Y=

or
¢b’ — be’ ac' — ea’ ba' —abd’

X=—Fx— Y=—35 > Z=—3

With these two general methods is associated a ¢kérd, in which one of the coordinates,
2z, say, is expressed in the form of a function of the other two, #, y. This method is
evidently only a particular case either of the first method, or of the second. If we set

de=tdz+ udy

we shall have either
. —1 Y= —u , g— 1
TV (A +EH+ W) ~_1/(1+t2—l-u2)' _1/(1+tz+u2)

X

or
U —1

’
= ATET &

X=varerey Y=vater

5.

The two solutions found in the preceding article evidently refer to opposite points of
the sphere, or to opposite directions, as one would expect, since the normal may be drawn
toward either of the two sides of the curved surface. If we wish to distinguish between
the two regions bordering upon the surface, and call one the exterior region and the other
the interior region, we can then assign to each of the two normals its appropriate solution
by aid of the theorem derived in Art. 2 (VII), and at the same time establish a criterion
for distinguishing the one region from the other.
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In the first method, such a criterion is to be drawn from the sign of the quantity W.
Indeed, generally speaking, the curved surface divides those regions of space in which W
keeps a positive value from those in which the value of W becomes negative. In fact, it
is easily seen from this theorem that, if W takes a positive value toward the exterior
region, and if the normal is supposed to he drawn outwardly, the first solution is to be
taken. Moreover, it will be easy to decide in any case whether the same rule for the
sign of Wis to hold throughout the entire surface, or whether for different parts there
will be different rules. As long as the coefficients P, ¢, R have finite values and do not
all vanish at the same time, the law of continuity will prevent any change.

If we follow the second method, we can imagine two systems of curved lines on the
curved surface, one system for which p is variable, ¢ constant; the other for which ¢ is
variable, p constant. The respective positions of these lines with reference to the exte-
rior region will decide which of the two solutions must be taken. In fact, whenever
the three lines, namely, the branch of the line of the former system going out from the
point A as p increases, the branch of the line of the latter system going out from the point
4 as ¢ increases, and the normal drawn toward the exterior region, are similarly placed as
the #z, y, # axes respectively from the origin of abscissas (e. g., if, both for the former
three lines and for the latter three, we can conceive the first directed to the left, the
second to the right, and the third upward), the first solution is to be taken. But when-
ever the relative position of the three lines is opposite to the relative position of the
%, y, # axes, the second solution will hold.

In the third method, it is to be seen whether, when 2 receives a positive increment, 2
and y remaining constant, the point crosses toward the exterior or the interior region.
In the former case, for the normal drawn outward, the first solution holds; in the latter
case, the second.

6.

Just as each definite point on the curved surface is made to correspond to a definite
point on the sphere, by the direction of the normal to the curved surface which is trans-
ferred to the surface of the sphere, so also any line whatever, or any figure whatever, on
the latter will be represented by a corresponding line or figure on the former. In the
comparison of two figures corresponding to one another in this way, one of which will be
as the map of the other, two important points are to be considered, one when quantity
alone is considered, the other when, disregarding quantitative relations, position alone
is considered.

The first of these important points will be the basis of some ideas which it seems
judicious to introduce into the theory of curved surfaces. Thus,to each part of a curved
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surface inclosed within definite limits we assign a fofal or infegral curvature, which is
represented by the area of the figure on the sphere corresponding to it. From this
integral curvature must be distinguished the somewhat more specific curvature which we
shall call the measure of curvature. The latter refers to a point of the surface, and shall
denote the quotient obtained when the integral curvature of the surface element about
a point is divided by the area of the element itself; and hence it denotes the ratio of the
infinitely small areas which correspond to one another on the curved surface and on the
sphere. The use of these innovations will be abundantly justified, as we hope, by what
we shall explain below. As for the terminology, we have thought it especially desirable
that all ambiguity be avoided. For this reason we have not thought it advanfageous to
follow strictly the analogy of the terminology commonly adopted (though not approved by
all) in the theory of plane curves, according to which the measure of curvature should be
called simply curvature, but the total curvature, the amplitude. But why not be free in
the choice of words, provided they are not meaningless and not liable to a misleading
interpretation ?

The position of a figure on the sphere can be either similar to the position of the
corresponding figure on the curved surface, or opposite (inverse). The former is the case
when two lines going out on the curved surface from the same point in different, but not
opposite directions, are represented on the sphere by lines similarly placed, that is, when
the map of the line to the right is also to the right; the latter is the case when the con-
trary holds. We shall distinguish these two cases by the positive or negative sign of the
measure of curvature. But evidently this distinction can hold only when on each surface
we choose a definite face on which we suppose the figure to lie. On the auxiliary sphere
we shall use always the exterior face, that is, that turned away from the centre; on the
curved surface also there may be taken for the exterior face the one already considered,
or rather that face from which the normal is supposed to be drawn. For, evidently, there
is no change in regard to the similitude of the figures, if on the curved surface both the
ﬁgure and the normal be transferred to the opposﬂ;e side, so long as the image itself
is represented on the same side of the sphere.

The positive or negative sign, which we assign to the measure of curvature accord-
ing to the position of the infinitely small figure, we extend also to the integral curvature
of a finite figure on the curved surface. However, if we wish to discuss the general case,
some explanations will be necessary, which we can only touch here briefly. So long
as the figure on the curved surface is such that to distincé points on.itself there corres-
pond distinct points on the sphere, the definition needs no. further explanation. But
whenever this condition is not satisfied, it will be necessary to take into account twice
or several times certain parts of the figure on the sphere. Whence for a similar, or
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inverse position, may arise an accumulation of areas, or the areas may partially or
wholly destroy each other. In such a case, the simplest way is to suppose the curved
surface divided into parts, such that each part, considered separately, satisfies the above
condition; to assign to each of the parts its integral curvature, determining this magni-
tude by the area of the corresponding figure on the sphere, and the sign by the posi-
tion of this figure; and, finally, to assign to. the total figure the integral curvature
arising from the addition of the integral curvatures which correspond to the single parts.
So, generally, the integral curvature of a figure is equal to fkdo, do denoting the
element of area of the figure, and % the measure of curvature at any point. The prin-
cipal points concerning the geometric representation of this integral reduce to the fol-
lowing. To the perimeter of the figure on the curved surface (under the restriction
of Art. 3) will correspond always a closed line on the sphere. If the latter nowhere
intersect itself, it will divide the whole surface of the sphere into two parts, one of
which will correspond to the figure on the curved surface; and its area (taken as
positive or negative according as, with respect to its perimeter, its position is similar,
or inverse, to the position of the figure on the curved surface) will represent the inte-
gral curvature of the figure on the curved surface. But whenever this line intersects
itself once or several times, it will give a complicated figure, to which, however, it is
possible to assign a definite area as legitimately as in the case of a figure without
nodes; and this area, properly interpreted, will give always an exact value for the
integral curvature. However, we must reserve for another occasion the more extended
exposition of the theory of these figures viewed from this very general standpoint.

7.

We shall now find a formula which will express the measure of curvature for
any point of a curved surface. Let do denote the area of an element of this surface;
then Zdo will be the area of the projection of this element on the plane of the coor-
dinates z, y ; and consequently, if d 3 is the area of the corresponding element on the
sphere, Zd3 will be the area of its projection on the same plane. The positive or
negative sign of Z will, in fact, indicate that the position of the projection is similar or
inverse to that of the projected element. FEvidently these projections have the same
ratio as to quantity and the same relation as to position as the elements themselves.
Let us consider now a triangular element on the curved surface, and let us suppose
that the coordinates of the three points which form its projection are

Z, g
z+dz, y+dy
z+ 8z, y-+3dy
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The double area of this triangle will be expressed by the formula
dz .8y —dy.dx%

and this will be in a positive or negative form according as the position of the side
from the first point to the third, with respect to the side from the first point to the
second, is similar or opposite to the position of the y-axis of coordinates with respect
to the z-axis of coordinates.

In like manner, if the coordinates of the three points which form the projection of
the corresponding element on the sphere, from the centre of the sphere as origin, are

X, Y
X+dX, Y+dY
X+8X, Y+8V

the double area of this projection will be expressed by
dX.8Y—dY.8X

and the sign of this expression is determined in the same manner as above. Where-
fore the measure of curvature at this point of the curved surface will be

dX.8Y—dY.3X
dz.dy—dy.d%

If now we suppose the nature of the curved surface to be defined according to the third
method considered in Art. 4, X and Y will be in the form of functions of the quanti-
ties #, y. We shall have, therefore,

0X 0.X

AX =7 dot 5 dy
8 X= %Sx-F%YSg
dY=%§dx+%—§dy
3Y=%§8x+‘%sg

When these values have been substituted, the above expression becomes

_9X Y 03X Y

E=0 oy " oy 9w
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Setting, as above,

_E_z_-—-t Qf_u
o oy
and also
] Pz Pz
=T ax.ay‘U’ a?“V

or
dt = Tde+Udy, du=Udz~+ Vdy

we have from the formule given above
X=—tZ, Y=—uZ, (14 ¢+’ 2*=1

and hence
dX=—Zdt—tdZ
AY=—Zdu—u dZ
A++urdZ+Z(tdt+udu)=0
or ‘
dZ=—2Z*({tdt+ udu)
dX=—2Z*(1+v*)dt+ Z°tudu
dY=+ Z*tudt—2* (1 + ) du
and so
0
%=Z3(—(1+u2)T+tu U)
%=Za(——(1+u2)U+tuV)
oY
-57”-=Z3(tu T—(1+4)0)
oY
‘a—y =Z3(tuU—(l+t2)V)

Substitﬁting these values in the above expression, it becomes
k=Z°TV—0U)1+ ¢+ )=Z2*(TV—0?
_rv—-u
T (et u)?

8.

By a suitable choice of origin and axes of coordinates, we can easily make the
values of the quantities ¢, u, U vanish for a definite point A. Indeed, the first two
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conditions will be fulfilled at once if the tangent plane at this point be taken for the
zy-plane. If, further, the origin is placed at the point A4 itself, the expression for
the coordinate z evidently takes the form

e=3T°?+U°zy+ 2 V°%+ Q
where Q will be of higher degree than the second. Turning now the axes of # and y

through an angle M such that
20°
tan2 M= __—— __
an TO —_— VO
it is easily seen that there must result an equation of the form
e=3 T+ 3V + Q

In this way the third condition is also satisfied. When this has been done, it is evi-
dent that

I. If the curved surface be cut by a plane passing through the normal itself and
through the 2-axis, a plane curve will be obtained, the radius of curvature of which

at the point A will be equal to —%,—, the positive or negative sign indicating that the

curve is concave or convex toward that region toward which the coordinates z are
positive.

II. In like manner —Il7 will be the radius of curvature at the poiht 4 of the plane

curve which is the intersection of the surface and the plane through the gy-axis and
the z-axis.
III. Setting 2 =7 cos ¢, y =7 sin ¢, the equation becomes

2=1% (T cos®p+ Vsin’ ) *+ Q
from which we see that if the section is made by a plane through the normal at A
and making an angle ¢ with the z-axis, we shall have a plane curve whose radius of
curvature at the point 4 will be

1
T cos® ¢ + Vsin® ¢

IV. Therefore, whenever we have 7’=7, the radii of curvature in @/ the normal
planes will be equal. But if 7" and V" are not equal, it is evident that, since for any
value whatever of the angle ¢, 7' cos® ¢ + V sin® ¢ falls between 7' and V, the radii of
curvature in the principal sections considered in I. and II. refer to the extreme curva-
tures; that is to say, the one to the maximum curvature, the other to the minimum,
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if 7" and V have the same sign. On the other hand, one has the greatest convex
curvature, the other the greatest concave curvature, if 7' and ¥ have opposite signs.
These conclusions contain almost all that the illustrious Euler was the first to prove
on the curvature of curved surfaces.
- V. The measure of curvature at the point 4 on the curved surface takes the
very simple form
k=TT,
whence we have the
- Tarorem. The measure of curvature at any point whatever of the surface is equal to o
fraction whose numerator is unity, and whose denominator is the product of the two extreme
radic of curvature of the sections by normal planes.

At the same time it is clear that the measure of curvature is positive for con-
cavo-concave or convexo-convex surfaces (which distinetion is not essential), but nega-
tive for concavo-convex surfaces. If the surface consists of parts of each kind, then
on the lines separating the two kinds the measure of curvature ought to vanish. Later
we shall make a detailed study of the nature of curved surfaces for which the meas-
ure of curvature everywhere vanishes.

9.

The general formula for the measure of curvature given at the end of Art. 7 is
the most simple of all, since it involves only five elements. We shall arrive at a
more complicated formula, indeed, one involving nine elements, if we wish to use the
first method of representing a curved surface. Keeping the notation of Art. 4, let us
set also

W , B2W , W
Fra =P, =@ 02"
;W 82W ;W
— pn — N — p
0y .02 L 0% .92 2 0x.0y B

so that
dP=P'da+R'dy + Q" dz
dQ=R"dz+ @ dy+P"dz
R=¢Q"da+ P"dy+R dez

P
Now since t=—7 we find through differentiation

Rdt=—RdP+ PdR=(PQ"—RP')dz+(PP"—RR")dy +(PR—RQ") dz
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or, eliminating dz by means of the equation
Pdz+ Qdy+Rdz=0,
R dt=(—R*'P'+2PRQ'—P*R)dz +(PRP"+ QRQ'—P QR —R'R") dy.
In like manner we obtain
Rdu=(PRP"+ QRQ'—PQR—RR'")de+ (—R'Q'+2 QRP"—@*R') dy
From this we conclude that
RT=—RP+2PRQ'—P?R
RU=PRP'+QRQ'—PQR —R'R"
RV=—RQ+2 QRP"— @Q* R
Substituting these values in the formula of Art. 7, we obtain for the measure of curv-
ature £ the following symmetric expression:

(PZ_I_ Q2+R2)2 k =P2 (QI Rl____P// 2) + Q2 (P/R/___ QII 2) __I_RZ (Pl Q/_ RII 2)
+ 2 QR(QIIR/I_P/P//) + 2 PR(P/IR//__QI Q//) + 2 P Q (PII Q//__R/RII)

10.

We obtain a still more complicated formula, indeed, one involving fifteen elements,
if we follow the second general method of defining the nature of a curved surface. It
is, however, very important that we develop this formula also. Retaining the nota-
tions of Art. 4, let us put also

o’ P , Pz
op'~ » ap.ag © o “
&y &y &y
o apag = T
N e, 2,
oY pog VAT
and let us put, for brevity,

bc'—cb/=A4

ca'—ac =B

ab—bd'=C

First we see that
Adz+Bdy+ Cdz=0,

or

A B
dz=— de— Udy.
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Thus, inasmuch as z may be regarded as a function of z, y, we have

0z . A
T TTO
oz B
y T 0

Then from the formulee
de=adp+ddq, dy=0bdp-+¥dy,
we have
Cdp= bVde—ad dy
Cdg=—b dz+a dy

Thence we obtain for the total differentials of ¢, u

C*dt= (A__a__) ¥ do—d dy)—l—(C’———-A——-) (b dz—a dy)
03du—(B__—_0_.) (b’dx-—a’dy)-l—(a——]gag) (b ds—ady)
If now we substitute in these formulse
%%———c’ﬁ-kby’—cﬁ’——l)’y
?;3 =¢d B +by'—cB'—by
%=a’y+ca’——ay'—c’a
%lqi—a Yted'—ay'—c o
?)g Vat+af —bd —dB
%—;—y=b’a'+aﬁ”—ba.”—a',8’

and if we note that the values of the differentials d¢, du thus obtained must be equal,
independently of the differentials dz, dy, to the quantities T'de+Udy, Udz+Vdy
respectively, we shall find, after some sufficiently obvious transformations,
C*T=aAb’+ BBY*+ v C¥*
—2d AV —2B Bob—2~ COY
+a" AP+ B B+ 5" O
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CU=—aAdd—BBdY—yCd'¥
+od A(ab+ba)t+ R B(ab+ba)+y C(al+bd)
—a"Adab—B"Bab—vy" Cab
C*V=aAdd*+BBa*+yCd?*
—2d Aad—2B Bad—2~' Cad
+ o' Ad?+ B’ Bd+y' Cd’
Hence, if we put, for the sake of brevity,

Aa +BB +Cy=D . . . . . .
Ad +BR +C0y =D . . . . . . (2
Ad'"+BB'+Cy'=D" . . . . . . (3

we shall have
C*T=Dy*—2D bsV'+D"p
CU=—Ddb+D (ab+ba')—D" ab
C*V=Dda*—2D ad+D"a
From this we find, after the reckoning has been carried out,
C(TV—-U)=DD"'—D*(abl—ba' ) =(DD"—D'? C*

and therefore the formula for the measure of curvature

DDII_DI2
b= Er oy
11.

By means of the formula just found we are going to establish another, which may
be counted among the most productive theorems in the theory of curved surfaces.
Let us introduce the following notation :

a*+ 0+ =F
ad + o0+ ce'=F
a*+ Vi P=0

aa +b B tey=m . . . . . . 4
ad +o B +ey=mw . . . . . . (B
ad'+bB'tey'=m" . . . . . . (6)
da +¥B +y=n . . . . . . (0
a’a,’ +vp ey = . . . . . . (8

o'+ Bty =n" N )

44 B (P — 6 — F—
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Let us eliminate from the equations 1, 4, 7 the quantities B, y, which is done by
multiplying them by b¢'—c?’, & C—¢' B, ¢B—0bC respectively and adding. In this
way we obtain :
A@Gd—ct)+a@ C—B)+d (cB—b0))a

=D0bd—ct)+m@l' C—B)+n(cB—5b0)

an equation which is easily transformed into
AD=aA+anF—m@)+d (mF—nk)
Likewise the elimination of a, y or a, 8 from the same equations gives

BD=BA+bnl—m@)+¥& (mF—nk)
CD=yA+cF—m@)+c (mF—nk)
Multiplying these three equations by o', B”, 9" respectively and adding, we obtain
DD'"=(ad"+ BB '+ yy)A+m" W F—m@)+n’" mF—nE) . . . (10)
If we treat the equations 2, 5, 8 in the same way, we obtain
AD'=d At+a(WF—m' Q)+ d (W F—n'E)
BD=BA+bnF—m'G)+ b (m'F—n'E)
CD'=y'At+c(WF —m' Q)+ (W F—nE)
and after these equations are multiplied by o/, 8/, ¥ respectively, addition gives
D= (a*+ B2+ )A+m' (W F—mw' Q)+ n' (m' F—n'E)
A combination of this equation with equation (10) gives
DDI/__D/2= (aa//_l_ BBI/+ ,y,yll__ a/2__B/2___ YIZ)A
+E@*—nn")+F(nm —2m' n' +mn'") + G (m'*—mm')
It is clear that we have

oF oK oF oF oG oG
”@722%, —a—q—=2m’, —a;=m’+n, —5!Z—=m”+n’, —a;-=2n’, "‘*aq =2n",
or
ol ol or G
= = —— e
m %ap, m %aq, " 3q %Bp
_oF E , G , @
n————ap *%——aqa n’—%—ap; n”—%maq

Moreover, it is easily shown that we shall have

on on' om” om’

144 1/ /e gl 2 A2 a2 T —_—

ao’+BB" tyy'—o*— B~y ¢ op ap g
FE P F *a

A A T
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If we substitute these different expressions in the formula for the measure of curva-
ture derived at the end of the preceding article, we obtain the following formula, whioch
involves only the quantities £, F, G and their differential quotients of the first and
second orders :

L(EG—FYE= E(BE oG aF aG+( ))

a9 310 g
o oG oF 2@ o oF ol oF oF oG
-I_F(ap'ag—ag'ap—— aq'aq+4 NEY. 28])'8]0)
or o@ aE oF . . BZE ey *q
+G( —}_) Bp ag +( )) Z(EG F)( 8]0.ag+8p2)

12.

Since we always have
d*+dy*+dd=Edp*+2Fdp .dqg+Gdg,
it is clear that
V(Edp*+2Fdp.dg+ Gdg?)

is the general expression for the linear element on the curved surface. The analysis
developed in the preceding article thus shows us that for finding the measure of cur-
vature there is no need of finite formulee, which express the coordinates z, y, 2z as
functions of the indeterminates p, ¢ ; but that the general expression for the magnitude
of any linear element is sufficient. Let us proceed to some applications of this very
important theorem. :

Suppose that our surface can be developed upon another surface, curved or plane,
so that to each point of the former surface, determined by the coordinates z, y, z, will
correspond a definite point of the latter surface, whose coordinates are 2/, y/, /. Evi-
dently 2/, y/, & can also be regarded as functions of the indeterminates p, ¢, and there-
fore for the element v/ (da'*+ dy’'?+ dz’*) we shall have an expression of the form

V&dp*+2Fdp.dg+ G dg) \
where ', IV, ¢’ also denote functions of p, ¢g. But from the very notion of the devel-
opment of one surface upon another it is clear that the elements corresponding to one
another on the two surfaces are necessarily equal. Therefore we shall have identically

I=F, F=F, G¢=¢.
Thus the formula of the preceding article leads of itself to the remarkable

TurorEM. If a curved surface is developed wupon any other surface whatever, the
measure of curvature in each point remains unchanged.
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Also it is evident that any finite part whatever of the curved surface will retain the
same integral curvature after development wpon another surface.

Surfaces developable upon a plane constitute the particular case to which geom-
eters have heretofore restricted their attention. Our theory shows at once that the
measure of curvature at every point of such surfaces is equal to zero. Consequently,
if the nature of these surfaces is defined according to the third method, we shall have
at every point

o’z Pz Pz \?
o o (ax.ag) =0

a criterion which, though indeed known a short time ago, has not, at least to our

knowledge, commonly been demonstrated with as much rigor as is desirable.

13.

What we have explained in the preceding article is connected with a particular
method of studying surfaces, a very worthy method which may be thoroughly devel-
oped by geometers. When a surface is regarded, not as the boundary of a solid, but
as a flexible, though not extensible solid, one dimension of which is supposed to
vanish, then the properties of the surface depend in part upon the form to which we
can suppose it reduced, and in part are absolute and remain invariable, whatever may
be the form into which the surface is bent. To these latter properties, the study of
which opens to geometry a new and fertile field, belong the measure of curvature and
the integral curvature, in the sense which we have given to these expressions. To
these belong also the theory of shortest lines, and a great part of what we reserve to
be treated later. From this point of view, a plane surface and a surface developable
on a plane, e. ¢., cylindrical surfaces, conical surfaces, etc., are to be regarded as essen-
tially identical; and the generic method of defining in a general manner the nature of
the surfaces thus considered is always based upon the formula

V(Edp*+2Fdp.dg+Gdg),
which connects the linear element with the two indeterminates p, ¢. But before fol-

lowing this study further, we must introduce the principles of the theory of shortest
lines on a given curved surface.

14.

The nature of a curved line in space is generally given in such a way that the
coordinates #, y, # corresponding to the different points of it are given in the form of
functions of a single variable, which we shall call w. The length of such a line from
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an arbitrary initial point to the point whose coordinates are z, y, 2, is expressed by

Faw (L) () (22))

If we suppose that the position of the line undergoes an infinitely small variation, so
that the coordinates of the different points receive the variations 8z, 8y, 8z, the varia-
tion of the whole length becomes

fdx.d8x+dy.d8y+dz.d82

vV (d2*+ dy*+ d&P)
which expression we can change into the form

dz .3z +dy .8y +dz .8z
v (da*+ dy*+ d2°)
dx dy

—fx&”dy%&ﬁ+d¢+d£)+&%dquﬁ+¢¢+d¥)+8%dp4mﬁ+dy+dﬁﬂ
We know that, in case the line is to be the shortest between its end points, all that

stands under the integral sign must vanish. Since the line must lie on the given
surface, whose nature is defined by the equation

Pde+Qdy+Rdz=0,
the variations 8z, 8y, 8z also must satisfy the equation

Pdz+Q38y+R52=0,
and from this it follows at once, according to well-known rules, that the differentials

dz P dy p dz
l/(dxz-i- dy*+dz?) v (dPP+ dyftd?) T v (daP+ dyt+ d2P)
must be proportional to the quantities P, @, R respectively. Let dr be the element
of the curved line; N the point on the sphere representing the direction of this ele-
ment ; L the point on the sphere representing the direction of the normal to the curved
surface ; finally, let & », { be the coordinates of the point A\, and X, ¥, Z be those of
the point L with reference to the centre of the sphere. We shall then have
de=¢§&dr, dy=ndr, dz=1{dr

from which we see that the above differentials become d§, dn, d{. And since the

quantities P, @, R are proportional to X, Y, Z, the character of shortest lines is
expressed by the equations

dé dny _di

X Y Z
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Moreover, it is easily seen that
vV (@dE+dn*+d)

is equal to the small arc on the sphere which measures the angle between the direc-
tions of the tangents at the beginning and at the end of the element dr, and is thus

d
equal to —E, if p denotes the radius of curvature of the shortest line at this point.

Thus we shall have
pdé=Xdr, pdn=Ydr, pdl=Zdr

15.

Suppose that an infinite number of shortest lines go out from a given point A4
on the curved surface, and suppose that we distinguish these lines from one another
by the angle that the first element of each of them makes with the first element of
one of them which we take for the first. Let ¢ be that angle, or, more generally, a
function of that angle, and » the length of such a shortest line from the point A4 to
the point whose coordinates are z, y, 2. Since to definite values of the variables r, ¢
there correspond definite points of the surface, the coordinates z, y, # can be regarded
as functions of », . We shall retain for the notation A, Z, & 2, {, X, ¥, Z the same
meaning as in the preceding article, this notation referring to any point whatever on
any one of the shortest lines.

All the shortest lines that are of the same length » will end on another line
whose length, measured from an arbitrary initial point, we shall denote by ». Thus v
can be regarded as a function of the indeterminates r, ¢, and if N’ denotes the point
on the sphere corresponding to the direction of the element dv, and also &, 5,
denote the coordinates of this point with reference to the centre of the sphere, we
shall have '

o _ 9y ov 0z

=0y =y Al a¢

From these equations and from the equations

or oy 0z
ﬁ_fy 'a_;.—"b 37'_C
we have
ox 0 0 oz 0z
+y y

ar‘a¢ o = L) ¢=cosw-%

Q)Q)
Q
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Let‘S denote the first member of this equation, which will also be a function of 7, ¢.

Differentiation of § with respect to » gives
2 2 2
() + 6 +E))

08 o oz 'y oy [ Pz 9z

or a7 9p "o ag o ag T P
_of oz om oy , 3o, A(E+p+ D)
Zor'96 Tar s T T T a4

But
£t qt o=1,
and therefore its differential is equal to zero; and by the preceding article we have,
if p denotes the radius of curvature of the line 7,
of_X om_Y ol_Z
ar  p’ ar p’ ar p
Thus we have
o8 1

ar p’

Xe+Ty+20).20 2L s V.22 0

P
since N\’ evidently lies on the great circle whose pole is L. From this we see that
S is independent of », and is, therefore, a function of ¢ alone. But for r=0 we evi-

dently have » =0, consequently % =0, and 8= 0 independently of ¢. Thus, in general,

we have necessarily =0, and so cos AN'=0, 4. e., AN=90°. From this follows the

TurOREM. If on a curved surface an infinite number of shortest lines of equal length
be drawn from the same initial point, the lines joining their extremities will be normal to
each of the lines.

We have thought it worth while to deduce this theorem from the fundamental
property of shortest lines; but the truth of the theorem can be made apparent with-
out any calculation by means of the following reasoning. Let AB, AB’' be two
shortest lines of the same length including at A an infinitely small angle, and let us
suppose that one of the angles made by the element BB’ with the lines BA, B'A
differs from a right angle by a finite quantity. Then, by the law of continuity, one
will be greater and the other less than a right angle. Suppose the angle at B is
equal to 90°—w, and take on the line 4B a point €, such that

BC=BUD . cosec .
Then, since the infinitely small triangle BB’ ' may be regarded as plane, we shall have
CB'=B(.cos o,
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and consequently
AC+ CB'=AC0C+BC.cosw=AB—B(C.(1—cosw)=AB'—BC.(1—cos w),

i. e., the path from A4 to B’ through the point (' is shorter than the shortest line,
Q. E. A

16.

With the theorem of the preceding article we associate another, which we state
as follows: If on a curved surface we imagine any line whatever, from the different points
of which are drawn at right angles and toward the same side an infinite number of shortest
lines of the same length, the curve which joins their other extremities will cut each of the
lines at right angles. For the demonstration of this theorem no change need be made
in the preceding analysis, except that ¢ must denote the length of the given curve
measured from an arbitrary point; or rather, a function of this length. Thus all of
the reasoning will hold here also, with this modification, that =0 for r=0 is
now implied in the hypothesis itself. Moreover, this theorem is more general than
the preceding one, for we can regard it as including the first one if we take for the
given line the infinitely small circle described about the centre A. Finally, we may
say that here also geometric considerations may take the place of the analysis, which,
however, we shall not take the time to consider here, since they are sufficiently
obvious.

17.
We return to the formula
V(Edp"+2 Fdp .dg+ G dgb),
which expresses generally the magnitude of a linear element on the curved surface,
and investigate, first of all, the geometric meaning of the coefficients Z, F, @. We
have already said in Art. 5 that two systems of lines may be supposed to lie on the
curved surface, p being variable, ¢ constant along each of the lines of the one system;
and ¢ variable, p constant along each of the lines of the other system. Any point
whatever on the surface can be regarded as the intersection of a line of the first
system with a line of the second; and then the element of the first line adjacent to
this point and corresponding to a variation dp will be equal to 1 E.dp, and the
element of the second line corresponding to the variation d¢ will be equal to v G .dyq.
Finally, denoting by  the angle between these elements, it is easily seen that we

shall have
F

COS w = m
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Furthermore, the area of the surface element in the form of a parallelogram between
the two lines of the first system, to which correspond ¢, ¢ + dg¢, and the two lines of
the second system, to which correspond p, p + dp, will be
V((EG—F? dp.dy.
Any line whatever on the curved surface belonging to neither of the two sys-
tems is determined when p and ¢ are supposed to be functions of a new variable, or
one of them is supposed to be a function of the other. Let s be the length of such

a curve, measured from an arbitrary initial point, and in either direction chosen as
positive. Let 6 denote the angle which the element

ds=v(Edp*+2 Fdp.dq+ Gdg*
makes with the line of the first system drawn through the initial point of the ele-
ment, and, in order that no ambiguity may arise, let us suppose that this angle is
measured from that branch of the first line on which the values of p increase, and is

taken as positive toward that side toward which the values of ¢ increase. These con-
ventions being made, it is easily seen that

cos @.ds=v'E.dp+vG.cos w.dg:gdL;__EM
sin e.ds=1/a.sinw.dg=V'(EGl/—EFz)~dq

18.

We shall now investigate the condition that this line be a shortest line. Since
its length s is expressed by the integral

s=[ v (Bdp+2 Fdp.dg+ Gdg)

the condition for a minimum requires that the variation of this integral arising from
an infinitely small change in the position become equal to zero. The calculation, for
our purpose, is more simply made in this case, if we regard p as a function of ¢.
When this is done, if the variation is denoted by the characteristic 8, we have

oG

(aaf 1’0-|-2—70— Ip-dg + - dg)3p+ (@ Bdp+2 Fdg) i3y
8s= 2ds
_Edp+Fdg

ds -op +
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oF oF 26
AP 2 dp . dgf—.d¢’
0 0 E ¥
+f8p(a]) L VA— L il

2ds ds

and we know that what is included under the integral sign must vanish independently
of 8p. Thus we have

%.d 2+2%F~.dp.dg+%§.d92=2ds,d,EdP+Fd!l
P

op ds
=2ds.d. v E.cos @
ds.dE .cosf - .
=227 TP 7 2ds.dl. .
e ds.d@ .V E.sin6
_(H#dp+Fdg)dE @ .
- & V(EG—F?.dp.db
_(Bdp+Fdgy @E 4 OE 4N o pap
”(—E—_——)'(api I+, dg) =2 V/(EG—F*.dg.d0
This gives the following conditional equation for a shortest line:
1 F oF 1 F oF 1 oF
- 2 T - e —— e ——— — g ———— o —_— .
vV (EG F).dﬂ_Z T 5 d_;o+2 77y dg+2 5 dp
_aF 126 4
op 2 ap 7
which can also be written
1 F 1 0F oF 1 2@
—F2 .d = e E o ———— e —_——— . ——— 8 ———— .
V(EG ).d 6 5 d +5 57 dp " dp 2 7 dg
From this equation, by means of the equation
. i dp ¥
= wme— 1t Ve

it is also possible to eliminate the angle 6, and to derive a differential equation of
the second order between p and ¢, which, however, would become more complicated
and less useful for applications than the preceding.

19.

The general formulse, which we have derived in Arts. 11, 18 for the measure of
curvature and the variation in the direction of a shortest line, become much simpler
if the quantities p, ¢ are so chosen that the lines of the first system cut everywhere
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orthogonally the lines of the second system; ¢. ¢., in such a way that we have gen-
erally @ =90°, or #=0. Then the formula for the measure of curvature becomes

0 o \? o
sper=5.20. 28 p(29), . gﬁ_ 29 ve(ZE )——2EG( o G)
dg 9¢q ap op
and for the variation of the angle 0
VEG.d0=1.22 4, 129G 4,

2 . -5?’— . p — -2- . _a-ﬁ

Among the various cases in which we have this condition of orthogonality, the
most important is that in which all the lines of one of the two systems, e. g., the
first, are shortest lines. Here for a constant value of ¢ the angle 6 becomes equal to
zero, and therefore the equation for the variation of @ just given shows that we must
have %l—j =0, or that the coefficient Z must be independent of g; 7. ¢., £ must be
either a constant or a function of p alone. It will be simplest to take for p
the length of each line of the first system, which length, when all the lines of the
first system meet in a point, is to be measured from this point, or, if there is no
common intersection, from any line whatever of the second system. Having made
these conventions, it is evident that p and ¢ denote now the same quantities that
were expressed in Arts. 15, 16 by » and ¢, and that Z=1. Thus the two preced-
ing formulae become :

. G 2a
4G 1= .é?) 2655
1 0¢
I/G.dﬂ_—ﬁ._—ap.dq

or, setting v G =m,

L. 0m gg__0om

m op

Generally speaking, m will be a function of p, ¢, and mdg the expression for the ele-
ment of any line whatever of the second system. But in the particular case where
all the lines p go out from the same point, evidently we must have m =0 for p=0.
Furthermore, in the case under discussion we will take for ¢ the angle itself which
the first element of any line whatever of the first system makes with the element of
any one of the lines chosen arbitrarily. Then, since for an infinitely small value of
p the element of a line of the second system (which can be regarded as a circle
described with radius p) is equal to pdg, we shall have for an infinitely small value

0
of p, m=p, and consequently, for p=0, m =0 at the same time, and BL;)Z: 1L
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20.

We pause to investigate the case in which we suppose that p denotes in a gen-
eral manner the length of the shortest line drawn from a fixed point A to any other
point whatever of the surface, and ¢ the angle that the first element of this line
makes with the first element of another given shortest line going out from A. Let
B be a definite point in the latter line, for which ¢ =0, and € another definite point
of the surface, at which we denote the value of ¢ simply by 4. Let us suppose the
points B, C joined by a shortest line, the parts of which, measured from B, we denote
in a general way, as in Art. 18, by s; and, as in the same article, let us denote by 6
the angle which any element ds makes with the element dp; finally, let us denote
by 6°, ¢ the values of the angle @ at the points B, C. We have thus on the curved
surface a triangle formed by shortest lines. The angles of this triangle at B and €
we shall denote simply by the same letters, and B will be equal to 180°—#6, C' to ¢
itself. But, since it is easily seen from our analysis that all the angles are supposed
to be expressed, not in degrees, but by numbers, in such a way that the angle 57°17
45", to which corresponds an arc equal to the radius, is taken for the unit, we must set

§°—5—B, 0=

where 27 denotes the circumference of the sphere. Let us now examine the integral
curvature of this triangle, which is equal to

f/c do,

do denoting a surface element of the triangle. Wherefore, since this element is ex-
pressed by mdp.dg, we must extend the integral

ffmdp.dq

over the whole surface of the triangle. Let us begin by integration with respect to
P, which, because

1 2°m
—

gives ’
‘ dg'. (const. — %)’

for the integral curvature of the area lying between the lines of the first system, to
which correspond the values ¢, ¢ + dg¢ of the second indeterminate. Since this inte-
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gral curvature must vanish for p = 0, the constant introduced by integration must be

0
equal to the value of 5%2 for p=0, 7. e., equal to unity. Thus we have

om
dg (1 D P )’
0

where for —a—% must be taken the value corresponding to the end of this area on the
line CB. But on this line we have, by the preceding article,

om

— . dg=—d

aq q 07

whence our ‘expression is changed into d¢ +df#. Now by a second integration, taken
from ¢ =0 to ¢= A, we obtain for the integral curvature

A+0—0°,
or
A+B+C—m.

The integral curvature is equal to the area of that part of the sphere which cor-
responds to the triangle, taken with the positive or negative sign according as the
curved surface on which the triangle lies is concavo-concave or concavo-convex. For
unit area will be taken the square whose side is equal to unity (the radius of the
sphere), and then the whole surface of the sphere becomes equal to 47. Thus the
part of the surface of the sphere corresponding to the triangle is to the whole surface
of the sphere as * (A+B+C—m) is to 4m. This theorem, which, if we mistake
not, ought to be counted among the most elegant in the theory of curved surfaces,
may also be stated as follows :

The excess over 180° of the sum of the angles of a triangle formed by shortest lines
on a concavo-concave curved surface, or the deficit from 180° of the sum of the angles of
a triangle formed by shortest lines on a concavo-convex curved surface, is measured by the
area of the part of the sphere which corresponds, through the directions of the normals, to
that triangle, if the whole surface of the sphere is set equal to 720 degrees.

More generally, in any polygon whatever of # sides, each formed by a shortest
line, the excess of the sum of the angles over (2% — 4) right angles, or the deficit from
(2n —4) right angles (according to the nature of the curved surface), is equal to the
area of the corresponding polygon on the sphere, if the whole surface of the sphere is
set equal to 720 degrees. This follows at once from the preceding theorem by divid-
ing the polygon into triangles. ?.



GENERAL INVESTIGATIONS OF CURVED SURFACES 31

21.

Let us again give to the symbols p, ¢, £, F, G, w the general meanings which
were given to them above, and let us further suppose that the nature of the curved
surface is defined in a similar way by two other variables, p, ¢/, in which case the
general linear element is expressed by

V(& dp*+2F dp'.dg'+ G dg'?)

Thus to any point whatever lying on the surface and defined by definite values of
the variables p, ¢ will correspond definite values of the variables p’, ¢/, which will
therefore be functions of p, ¢. Let us suppose we obtain by differentiating them

dp'=adp+Bdyg

d¢=vydp-+38dyg
We shall now investigate the geometric meaning of the coefficients a, B, 7y, 8

Now four systems of lines may thus be supposed to lie upon the curved surface,

for which p, ¢, p/, ¢’ respectively are constants. If through the definite point to
which correspond the values p, ¢, p/, ¢’ of the variables we suppose the four lines

belonging to these different systems to be drawn, the elements of these lines, corres-
ponding to the positive increments dp, dg, dp’, d¢’, will be

VE.dp, vVG.dg, VE.dp, Vv&.dg.

The angles which the directions of these elements make with an arbitrary fixed direc-
tion we shall denote by M, N, M’, N', measuring them in the sense in which the
second is placed with respect to the first, so that sin(N —2) is positive. Let us
suppose (which is permissible) that the fourth is placed in the same sense with respect
to the third, so that sin(N'— M) also is positive. Having made these conventions,
if we consider another point at an infinitely small distance from the first point, and
to which correspond the values p +dp, ¢+ dgq, p'+dp’, ¢+ d¢ of the variables, we
see without much difficulty that we shall have generally, . e., mdependently of the
values of the increments dp, dg, dp’, d¢,

VE.dp.snM+VG.dg.samN=vE.dp.snM~+vF.dg.sin N

since each of these expressions is merely the distance of the new point from the line
from which the angles of the directions begin. But we have, by the notation intro-
duced above,

N—M=o.
In like manner we set

N—M=d,
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and also

N—M'=n.
Then the equation just found can be thrown into the following form :
VE.dp.sin (M—o+y)+VE.dg.sin (M+ )
=vE.dp.snM+v&.dg.sin (M + o)
or
VE.dp.sin(N—o—o'+¢)+ 1V GF.dg.sin (NVN—o' + )
=V E .dp.sin(NV—o)+ V' F.dg. sin N
And since the equation evidently must be independent of the initial direction, this
direction can be chosen arbitrarily. Then, setting in the second formula N'=0, or in
the first M'=0, we obtain the following equations :
VE.sino.dp'=vE.sin(o+ o —y).dp+1/G.sin(o'—y).dg
V&.sino. dg/=v'E .sin(y—o).dp+ v G .sing.dg
and these equations, since they must be identical with
dpf=oadp+ Bdg
dg=vydp+38dgq
determine the coefficients a, B8, v, 8. We shall have
_ | £ sin(w+ o —1) _ | @ sin(«0'—1)
a=y 7" Lo, g=y g ERE

sin w sin o
z__\l:@'_.sin(zp—w) 3=\/—G— sin
Y Q' sin G sino

These four equations, taken in connection with the equations

cos w—-—F—-— cos o' = __L"

T VER -_VE’G”
. E G —F? Qg —F?
sin o = —ad smw__\/ —Ta

may be written
V(B —F")=vEQF . sin (0+ m’—¢)

BV E'Q'—F"*)=v G .sin (o — 1)

YV (& G —F7?)=vVEE.sin(y— )

V(B Q'—F"*)=vGE . siny

Since by the substitutions

dp'=adp+Bdy,
d¢=vydp+38dyg
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the trinomial
B dp*+2F dp.dg +G dg?
is transformed into
Bdp*+2Fdp.dg+Gdg,
we easily obtain
EG—F=EG —F*(ad— By)*
and since, vice versa, the latter trinomial must be transformed into the former by the
substitution '

(a8— By dp=38dp'— Bd¢, (ad—By)dg=—rydp + ady,

we find
EG—F®
_Ev—2F7&+G¢=Ei?:7ﬁay
EG—F*
—E B3+ F(a8+By) —Gay=gpa—7m I
EG—I*

_E,BZ*QFa,B"l‘GaZ:W'G/

22.

From the general discussion of the preceding article we proceed to the very
extended application in which, while keeping for p, ¢ their most general meaning, we
take for p’, ¢/ the quantities denoted in Art. 15 by », ¢. We shall use », ¢ here
also in such a way that, for any point whatever on the surface, » will be the shortest
distance from a fixed point, and ¢ the angle at this point between the first element
of » and a fixed direction. We have thus

=1, F'=0, o'=90°.
Let us set also

VvV & =m,
so that any linear element whatever becomes equal to
vV (dr* +m*d ).
Consequently, the four equations deduced in the preceding article for a, B, v, o give
or
—) = - e 1
V' E. cos (0 —1) 2p (1)

‘VG.%S¢=§§ @
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Vv E.sin (\p—-w)=m.%% G |
. el ‘
VG sing=m.. £ . . . . . . . . (4
4=m. 2 )
But the last and the next to the last equations of the preceding article give
or or ar 2
—pm=pl) — a2
EG—F E(aq) 27 3 aq—m( o 6
ory 2¢_ or\ 0¢
— _F. —r —) . == . 6
(E oq a]o) aq ( 8q — G 810) cp (©)

From these equations must be determined the quantities », ¢, ¢ and (if need be)
m, as functions of p and ¢. Indeed, integration of equation (5) will give »; 7 being
found, integration of equation (6) will give ¢; and one or other of equations (1), (2)
will give ¥ itself. Finally, m is obtained from one or other of equations (3), (4).

The general integration of equations (5), (6) must necessarily introduce two arbi-
trary functions. We shall easily understand what their meaning is, if we remem-
ber that these equations are not limited to the case we are here considering, but are
equally valid if » and ¢ are taken in the more general sense of Art. 16, so that » is
the length of the shortest line drawn normal to a fixed but arbitrary line, and ¢ is
an arbitrary function of the length of that part of the fixed line which is intercepted
between any shortest line and an arbitrary fixed point. The general solution must
embrace all this in a general way, and the arbitrary functions must go over into
definite functions only when the arbitrary line and the arbitrary functions of its
parts, which ¢ must represent, are themselves defined. In our case an infinitely
small circle may be taken, having its centre at the point from which the distances »
are measured, and ¢ will denote the parts themselves of this circle, divided by the
radius. Whence it is easily seen that the equations (5), (6) are quite sufficient for
our case, provided that the functions which they leave undefined satisfy the condi-
tion which » and ¢ satisfy for the initial point and for points at an infinitely small
distance from this point.

Moreover, in regard to the integration itself of the equations (5), (6), we know
that it can be reduced to the integration of ordinary differential equations, which, how-
ever, often happen to be so complicated that there is little to be gained by the reduc-
tion. On the contrary, the development in series, which are abundantly sufficient for
practical requirements, when only a finite portion of the surface is under considera-
tion, presents no difficulty ; and the formulee thus derived open a fruitful source for
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the solution of many important problems. But here we shall develop only a single
example in order to show the nature of the method.

23.

We shall now consider the case where all the lines for which p is constant are
shortest lines cutting orthogonally the line for which ¢ =0, which line we can regard
as the axis of abscissas. Let A be the point for which » =0, D any point whatever
on the axis of abscissas, AD =p, B any point whatever on the shortest line normal
to AD at D, and BD =g, so that p can be regarded as the abscissa, ¢ the ordinate
of the point B. The abscissas we assume positive on the branch of the axis of
abscissas to which ¢ =0 corresponds, while we always regard » as positive. We take
the ordinates positive in the region in which ¢ is measured between 0 and 180°.

By the theorem of Art. 16 we shall have

w=190°, F=0, =1,
and we shall set also
VvV E=n.
Thus » will be a function of p, ¢, such that for ¢ =0 it must become equal to unity.

The application of the formula of Art. 18 to our case shows that on any shortest
line whatever we must have

on ’
a0=75_" dp,

where 0 denotes the angle between the element of this line and the element of the
line for which ¢ is constant. Now since the axis of abscissas is itself a shortest line,
and since, for it, we have everywhere §=0, we see that for ¢ = 0 we must have

everywhere
on 0

99
Therefore we conclude that, if % is developed into a series in ascending powers of g,
this series must have the following form :
n=1+7¢+g¢*+ hq¢*+ ete.

where f, g, %, ete., will be functions of p, and we set

f=ret+f p+f"p*+ ete.

g=g°+tg pt+g’ p+ete

h=h°+NWp+ k' p*+ ete.
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or
n=14f°g*+ f'pg*+ f" p*q* + ete.
+9°¢+ g’ pgd + ete.
+4° ¢* + ete. ete.

24.

The equations of Art. 22 give, in our case,

0 .
——ncos¢=m.;£: s1n\p=m.a—¢

. or 0
nsm:};———‘@, COS Yy = 50

ar

89’
o207\, (Or)' e 07 0@ 3r 3
“”%ﬁ+ﬁﬁ’”ng@ ap op

By the aid of these equations, the fifth and sixth of which are contained in the others,

series can be developed for », ¢, ¥, m, or for any functions whatever of these quan-

tities. We are going to establish here those series that are especially worthy of

attention.

Since for infinitely small values of p, ¢ we must have

P2 = ]02 + 92,
the series for 7* will begin with the terms p*+ ¢  We obtain the terms of higher
order by the method of undetermined coefficients;* by means of the equation

(Lwﬂy+@wwz4ﬁ

n o op oq
Thus we have
[ r=ptt 3P P RS — S PE et
+ ¢ +39°p° ¢+ 29 P°¢°

+ 31— P
Then we have, from the formula

1 a0
7”5111\[;_27%. 25
[2] rsing=p—3/p¢ =11V — QS &SP ete

—49°p9’ — 3909
— @ =S pe

*We have thought it useless to give the calculation here, which can be somewhat abridged by
certain artifices.
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and from the formula

o(r%)

=1

7 CcosS Y =173 2g

[3] reosy =g+ 3o p'g 1S pPe + RS — LSt ete

+i9°re 39 °¢
RS Xt s VARV A4
These formulse give the angle ¢. In like manner, for the calculation of the angle ¢,
series for rcos ¢ and rsin¢ are very elegantly developed by means of the partial

differential equations

ily'a;;)—s¢=ncos¢.sim[/—¢sin¢.%
0.7c08 ¢ e o
BETES =008 ¢ . COS Y rsmq&,a_é
w:nsind).sin\p_;-?(:OSqS.%
op op
m_—_sin¢.cos¢+rcos¢.a_‘f’
o9 29

ncos¢.%+sint[;.%ib=0
P

A combination of these equations gives

rsing 9.7 cos ¢ 9.7 c08 ¢
. 7 COS O
" 5 + V) = 7 CoS ¢
rsing 9.rsin¢ + 7 cosy. 8.rsin¢=rsin¢
n op

From these two equations series for »cos ¢, »sin¢ are easily developed, whose first
terms must evidently be p, ¢ respectively. The series are
[4] res¢=p+3/pgd + LS PEF (G =S PF ete
t19°p8 TP
T @25/ e
[5] rsing =g =4/ p¢— 3/ PPy — (&S — S ptg ete
BRIV St S
0 VAV A
From a combination of equations [2], [3], [4], [5] a series for #*cos (y + ¢), may
be derived, and from this, dividing by the series [1], a series for cos (¢ + ¢), from
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which may be found a series for the angle ¢ + ¢ itself. However, the same series
can be obtained more elegantly in the following manner. By differentiating the first
and second of the equations introduced at the beginning of this article, we obtain

. o . Y
sing. — 4 ncosy.—~ fsing. L =0
29 %9 op

and this combined with the equation
ncos¢.g_§+sin:[;.%§:0 »
gives

rsing on  rsing 2y + )

P 3q . 3y L rcosy.

wWt+d)
X

From this equation, by aid of the method of undetermined coefficients, we can easily
derive the series for 4 ¢, if we observe that its first term must be }ar, the radius
being taken equal to unity and 2 7 denoting the circumference of the circle,

[6] b+ d=1La—fopg— ifptg— A" — 15 pPq ete.

—9° P — %9 1¢
— (k=% pd

It seems worth while also to develop the area of the triangle 4 B D into a series.
For this development we may use the following conditional equation, which is easily
derived from sufficiently obvious geometric considerations, and in which § denotes the
required area:

0
rs;n\p ﬁ—l—rcosd; 5 rsm\p fndq

the integration beginning with ¢=0. From this equation we obtain, by the method
of undetermined coefficients,

[7] S=4%pg—:/Pq— 2 P9 — G/ —&S" ¢ et
/.4 2

—&fpl— &g }’392— 09 P
wof'l’ — (s b+ F S+ ) PP

! a2 4

— 5 9°pr¢— & 9P
— (&A= S ) P



GENERAL INVESTIGATIONS OF CURVED SURFACES 39

25.

From the formulse of the preceding article, which refer to a right triangle formed
by shortest lines, we proceed to the general case. Let € be another point on the
same shortest line D B, for which point p remains the same as for the point B, and
g, 7, ¢, ¢, 8 have the same meanings as ¢, r, ¢, ¢, S have for the point B. There
will thus be a triangle between the points A, B, , whose angles we denote by
A, B, C, the sides opposite these angles by a, 4, ¢, and the area by o. We represent
the measure of curvature at the points 4, B, C by a, B, y respectively. And then
supposing (which is permissible) that the quantities p, ¢, ¢ —¢’ are positive, we shall
have

A=¢—¢, B=y, O=a—1,
a=q¢—¢, b=7r, c=r, o=8—4.
We shall first express the area o by a series. By changing in [7] each of the

quantities that refer to B into those that refer to €, we obtain a formula for S
Whence we have, exact to quantities of the sixth order,

o=ip@—¢) A=/ P+t 99 +97)
—go/ POt TP+ T + 797
AV NGV AU Y AUk YD
This formula, by aid of series [2], namely,
esinB=p(l—4/°¢—1/py—49° ¢ ete.)
can be changed into the following :
o=}acsin BA—=4/° (P~ ¢+ 94+ ¢7
— g5/ p 6P =8¢+ Tqq'+ 79"
ey BT3P 6P+ A T g 44"7)
The measure of curvature for any point whatever of the surface becomes (by Art.
19, where m, p, ¢ were what n, ¢, p are here)

]ﬂ___l n __ 2/+6g99+12hg + ete.
T a9t 1+ f¢* + ete.

=—2f—6g99— (122 —2 /%) ¢* — ete.

Therefore we have, when p, ¢ refer to the point B,
B==2f°=2fp—=6g°¢—=2/"p—bg'pg—(124° —2/°") " —ete.
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Also

y=—2/0=2fp—06y°¢ =2/ p =6y’ pg —(120° —2/°) ¢"* — ete.
a=—2f° .

Introducing these measures of curvature into the expression for o, we obtain the fol-
lowing expression, exact to quantities of the sixth order (exclusive):

c=%acsn B+ dyadp —2¢+3¢¢ +3¢7
+1hBBp =64+ 699 +34¢")
Trgy B —24+ 99 +447)
The same precision will remain, if for p, ¢, ¢ we substitute ¢sin B, ¢ cos B, ¢ cos B —a.
This gives

[8] o=%acsin B+ tiza(B3a*+4— 9Yaccos B)
+ BB @+ 3 —12accos B)
+ sy 4 +3— 9accos B))

Since all expressions which refer to the line 4D drawn normal to B C have disap-
peared from this equation, we may permute among themselves the points 4, B, (' and
the expressions that refer to them. Therefore we shall have, with the same precision,

[9] o=1L1besinA(1+15a(B8+32—12bccos 4)
+ 1357 BB & +4F— 9bccos 4)
+ sy @ +3F— 9becos 4))

[10] o=21absinC(A+isa(Ba®+40*— 9abcos ()
+ s B4 +36*— 9abcos O)
F sy B+ 30 —12abcos C))

26.

The consideration of the rectilinear triangle whose sides are equal to @, 4, ¢ is of
great advantage. The angles of this triangle, which we shall denote by A%, B*, O%,
differ from the angles of the triangle on the curved surface, namely, from 4, B, C,
by quantities of the second order; and it will be worth while to develop these differ-
ences accurately. However, it will be sufficient to show the first steps in these more
tedious than difficult calculations.

Replacing in formulee [1], [4], [5] the quantities that refer to B by those that
refer to O, we get formule for »'% 7 cos¢’, 7 sin¢’. Then the development of the
expression
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P+ —(g— ¢V —2rcosp.r cos ¢ —2rsin ¢ . s sin ¢’
=pP+F—a*—2bccos A
=2bc (cos A* —cos 4),
combined with the development of the expression
rsing .7 cos ¢’ —rcosd.r sing’ =besin 4,
gives the following formula :
cos A* —cos A =—(g—¢)psin A($/°+ 4/ p+19° (4 +¢)
+ (s 1f°2)}7+ Pl +9)
T (3= (¢ +99 +9 ?) + ete)
From this we have, to quantities of the fifth order,
A= A=F =) QT3P T 192 0+ 4) F A5/
+ 5 p G+ ) H R @ ag + )
— J TP T 1200+ T9)
Combining this formula with
20=ap(I—3/° (Pt 4"+ q¢ +¢°)—ete)
and with the values of the quantities a, 8, v found in the preceding article, we obtain,
to quantities of the fifth order,
[11] A¥=A—o(Gat Bty TS P19 pg+9)
TR B 29g 397
T/ Ay — 1l + 1499 —11¢7))
By precisely similar operations we derive
[12] B*=B—o(Fat{Bt iyt &/ 'Ptiypr2etd)
+—?~;k (4¢* “499 +34¢7)
7o/ 2P+ 84 =899 +11¢"%)
[13] Ci=0—o(yatBrty+ I/ " P+ p(g+2¢)
+ 30 (8P —4gq +4¢)
— /YT —894 +8¢7)
From these formulee we deduce, since the sum A4* + B* 4+ 0% is equal to two right
angles, the excess of the sum 4 +B + C over two right angles, namely,
[14] A+B+0=at+oGatif+iy i/ Frigpg+q)
TE=F/) 97+ 7)
This last equation could also have been derived from formula [6].
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27.

If the curved surface is a sphere of radius R, we shall have

1
“IB:'}’:—Z]M:P;]N/:O) g =0, 64 —f°*=0,

or
1

h° = g

Consequently, formula [14] becomes
A+B+0=n+7o
which is absolutely exact. But formulee [117], [12], [13] give
A¥=4— 3R2 18834(2102-92 +499 —¢")
B*=B—smtigopt 24+ 204 +¢?

g . g
C*=C—gmtigop’ T +2¢9—2¢7)

or, with equal exactness,

A¥ =A— m— @+ ¢ —2 4%
B*=B —gm— @t e—25

g g
C% =0 —gm— o @+ —2¢)

Neglecting quantities of the fourth order, we obtain from the above the well-known
theorem first established by the illustrious Legendre.

28.
Our general formulse, if we neglect terms of the fourth order, become extremely
simple, namely :

A5=A— L0 2a+B+y)
B*=B— 1 0(a+28+1y)
0% =C0—fy0(atB+2y)
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Thus to the angles 4, B, C on a non-spherical surface, unequal reductions must
be applied, so that the sines of the changed angles become proportional to the sides
opposite. The inequality, generally speaking, will be of the third order; but if the
surface differs little from a sphere, the inequality will be of a higher order. Even in
the greatest triangles on the earth’s surface, whose angles it is possible to measure,
the difference can always be regarded as insensible. Thus, e. g., in the greatest of
the triangles which we have measured in recent years, namely, that between the
points Hohehagen, Brocken, Inselberg, where the excess of the sum of the angles was
14785348, the calculation gave the following reductions to be applied to the angles:

Hohehagen . . . . . —47.95113

Brocken . . . . . . —47.95104

Inselberg . . . . . . —47.95131.
29.

We shall conclude this study by comparing the area of a triangle on a curved
surface with the area of the rectilinear triangle whose sides are @, &, ¢. We shall
denote the area of the latter by o*; hence

o*=1Lbesin A* =L acsin B*=}absin C*
We have, to quantities of the fourth order,
sin A*=sin A — 5 0cos 4. (2a+B+17y)
or, with equal exactness,
sind=sin 4*. (1 + Jrbccos 4.2 a+B+ 7))
Substituting this value in formula [9], we shall have, to quantities of the sixth order,

o=23besinA¥* . (1 +1i5a(36°+3c—2bccos 4)
+AsBB P+ 4F—4becos 4)
+ 1ty @8+ 3c2—4becos 4)),

or, with equal exactness,
o=c*(1+tlya(@+28+2F) + 15 B2*+ 0+ 26) +1thyy @2+ 20+ %))
For the sphere this formula goes over into the following form :

o=0o* (1 + J a(@+ 0+ ).
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It is easily verified that, with the same precision, the following formula may be taken
instead of the above:

*\/sinA .sinB .sin C
o=0 W AF . n BF. sin OF
sin A% . sin B* . sin C
If this formula is applied to triangles on non-spherical curved surfaces, the error, gen-

erally speaking, will be of the fifth order, but will be insensible in all tr1angles such
as may be measured on the earth’s surface.
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GAUSS’S ABSTRACT OF THE DISQUISITIONES GENERALES CIRCA
SUPERFICIES CURVAS, PRESENTED TO THE ROYAL
SOCIETY OF GOTTINGEN.

GOTTINGISCHE GELEHRTE ANZEIGEN. No. 177. Paces 1761-1768. 1827. NoOVEMBER 5.

On the 8th of October, Hofrath Gauss presented to the Royal Society a paper:
Disquisitiones generales circa superficies curvas.

Although geometers have given much attention to general investigations of curved
surfaces and their results cover a significant portion of the domain of higher geometry,
this subject is still so far from being exhausted, that it can well be said that, up to
this time, but a small portion of an exceedingly fruitful field has been cultivated.
Through the solution of the problem, to find all representations of a given surface upon
another in which the smallest elements remain unchanged, the author sought some
years ago to give a new phase to this study. The purpose of the present discussion
is further to open up other new points of view and to develop some of the new truths
which thus become accessible. We shall here give an account of those things which
can be made intelligible in a few words. But we wish to remark at the outset that
the new theorems as well as the presentations of new ideas, if the greatest generality
is to be attained, are still partly in need of some limitations or closer determinations,
which must be omitted here.

In researches in which an infinity of directions of straight lines in space is con-
cerned, it is advantageous to represent these directions by means of those points upon
a fixed sphere, which are the end points of the radii drawn parallel to the lines. The
centre and the radius of this auwiliary sphere are here quite arbitrary. The radius may
be taken equal to unity. This procedure agrees fundamentally with that which is con-
stantly employed in astronomy, where all directions are referred to a fictitious celestial
sphere of infinite radius. Spherical trigonometry and certain other theorems, to which
the author has added a new one of frequent application, then serve for the solution of
the problems which the comparison of the various directions involved can present.
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If we represent the direction of the normal at each point of the curved surtace by
the corresponding point of the sphere, determined as above indicated, namely, in this
way, to every point on the surface, let a point on the sphere correspond; then, gener-
ally speaking, to every line on the curved surface will correspond a line on the sphere,
and to every part of the former surface will correspond a part of the latter. The less
this part differs from a plane, the smaller will be the corresponding part on the sphere.
It is, therefore, a very natural idea to use as the measure of the total curvature,
which is to be assigned to a part of the curved surface, the area of the corresponding
part of the sphere. For this reason the author calls this area the infegral curvature of
the corresponding part of the curved surface. Besides the magnitude of the part, there
is also at the same time its posifion to be considered. And this position may be in
the two parts similar or inverse, quite independently of the relation of their magni-
tudes. The two cases can be distinguished by the positive or negative sign of the
total curvature. This distinction has, however, a definite meaning only when the
figures are regarded as upon definite sides of the two surfaces. The author regards
the figure in the case of the sphere on the outside, and in the case of the curved sur-
face on that side upon which we consider the normals erected. It follows then that
the positive sign is taken in the case of convexo-convex or concavo-concave surfaces
(which are not essentially different), and the negative in the case of concavo-convex
surfaces. If the part of the curved surface in question consists of parts of these differ-
ent sorts, still closer definition is necessary, which must be omitted here.

The comparison of the areas of two corresponding parts of the curved surface and of
the sphere leads now (in the same manner as, e. g., from the comparison of volume and
mass springs the idea of density) to a new idea. The author designates as measure of
curvature at a point of the curved surface the value of the fraction whose denominator is
the area of the infinitely small part of the curved surface at this point and whose numer-
ator is the area of the corresponding part of the surface of the auxiliary sphere, or the
integral curvature of that element. It is clear that, according to the idea of the author,
integral curvature and measure of curvature in the case of curved surfaces are analo-
gous to what, in the case of curved lines, are called respectively amplitude and curva-
ture simply. He hesitates to apply to curved surfaces the latter expressions, which
have been accepted more from custom than on account of fitness. - Moreover, less
depends upon the choice of words than upon this, that their mtroductlon shall be justi-
fied by pregnant theorems.

The solution of the problem, to find the measure of curvature at any point of a curved
surface, appears in different forms according to the manner in which the nature of the
curved surface is given. When the points in space, in general, are distinguished by
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three rectangular coordinates, the simplest method is to express one coordinate as a func-
tion of the other two. In this way we obtain the simplest expression for the measure of
curvature. But, at the same time, there arises a remarkable relation between this
measure of curvature and the curvatures of the curves formed by the intersections of
the curved surface with planes normal to it. EvuLer, as is well known, first showed
that two of these cutting planes which intersect each other at right angles have this
property, that in one is found the greatest and in the other the smallest radius of cur-
vature; or, more correctly, that in them the two extreme curvatures are found. It will
follow then from the above mentioned expression for the measure of curvature that this
will be equal to a fraction whose numerator is unity and whose denominator is the product
of the extreme radii of curvature. The expression for the measure of curvature will be
less simple, if the nature of the curved surface is determined by an equation in z, y, 2.
And it will become still more complex, if the nature of the curved surface is given so that
z, 4, z are expressed in the form of functions of two new variables p, ¢. In this last case
the expression involves fifteen elements, namely, the partial differential coefficients of the
first and second orders of z, y, # with respect to p and ¢. But it is less important in itself
than for the reason that it facilitates the transition to another expression, which must be
classed with the most remarkable theorems of this study. If the nature of the curved
surface be expressed by this method, the general expression for any linear element upon
it, or for v/(da* + dy* + d2*), has the form v (Edp*+ 2 Fdp.dg+ G d¢*), where E, F, (
are again functions of p and ¢. The new expression for the measure of curvature men-
tioned above contains merely these magnitudes and their partial differential coefficients
of the first and second order. Therefore we notice that, in order to determine the
measure of curvature, it is necessary to know only the general expression for a linear
element ; the expressions for the coordinates z, y, # are not required. A direct result
from this is the remarkable theorem: If a curved surface, or a part of it, can be devel-
oped upon another surface, the measure of curvature at every point remains unchanged
after the development. In particular, it follows from this further: Upon a curved
surface that can be developed upon a plane, the measure of curvature is everywhere
equal to zero. From this we derive at once the characteristic equation of surfaces
developable upon a plane, namely,

Pz Oz P’z \?

AL ( ) =0,
or” dy ox .0y

when z is regarded as a function of # and y. This equation has been known for some

time, but according to the author’s judgment it has not been established previously
with the necessary rigor.
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These theorems lead to the consideration of the theory of curved surfaces from a
new point of view, where a wide and still wholly uncultivated field is open to investi-
gation. If we consider surfaces not as boundaries of bodies, but as bodies of which
- one dimension vanishes, and if at the same time we conceive them as flexible but not
extensible, we see that two essentially different relations must be distinguished, namely,
on the one hand, those that presuppose a definite form of the surface in space; on the
other hand, those that are independent of the various forms which the surface may
assume. This discussion is concerned with the latter. In accordance with what has
been said, the measure of curvature belongs to this case. But it is easily seen that
the consideration of figures constructed upon the surface, their angles, their areas and
their integral curvatures, the joining of the points by means of shortest lines, and the
like, also belong to this case. All such investigations must start from this, that the
very nature of the curved surface is given by means of the expression of any linear
element in the form v (Edp*+ 2 Fdp.dg+ Gdg¢*). The author has embodied in the
present treatise a portion of his investigations in this field, made several years ago,
while he limits himself to such as are not too remote for an introduction, and may, to
some extent, be generally helpful in many further investigations. In our abstract, we
must limit ourselves still more, and be content with citing only a few of them as
types. The following theorems may serve for this purpose.

If upon a curved surface a system of infinitely many shortest lines of equal lengths
be drawn from one initial point, then will the line going through the end points of
these shortest lines cut each of them at right angles. If at every point of an arbitrary
line on a curved surface shortest lines of equal lengths be drawn at right angles to this
line, then will all these shortest lines be perpendicular also to the line which joins their
other end points. Both these theorems, of which the latter can be regarded as a gen-
eralization of the former, will be demonstrated both analytically and by simple geomet-
rical considerations. The excess of the sum of the angles of a triangle formed by shortest lines
over two right angles is equal to the total curvature of the triamgle. It will be assumed here
that that angle (57°17/45”) to which an arc equal to the radius of the sphere corresponds
will be taken as the unit for the angles, and that for the unit of total curvature will be
taken a part of the spherical surface, the area of which is a square whose side is equal to
the radius of the sphere. Evidently we can express this important theorem thus also:
the excess over two right angles of the angles of a triangle formed by shortest lines is to
eight right angles as the part of the surface of the auxiliary sphere, which corresponds
to it as its integral curvature, is to the whole surface of the sphere. In general, the
excess over 2n—4 right angles of the angles of a polygon of » sides, if these are
shortest lines, will be equal to the integral curvature of the polygon.
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The general investigations developed in this treatise will, in the conclusion, be applied
to the theory of triangles of shortest lines, of which we shall introduce only a couple of
important theorems. If a, b, ¢ be the sides of such a triangle (they will be regarded as
magnitudes of the first order); A, B, ¢ the angles opposite; a, B, y the measures of
curvature at the angular points; o the area of the triangle, then, to magnitudes of the
fourth order, } (a +8+ ) o is the excess of the sum 4 +B + ¢ over two right angles.
Further, with the same degree of exactness, the angles of a plane rectilinear triangle
whose sides are @, b, ¢, are respectively

A—52a+B+ 1y o
B—%&(a+28+y) 0o
C—+5(a+B+2y) 0.

We see immediately that this last theorem is a generalization of the familiar theorem first
established by LesexprE. By means of this theorem we obtain the angles of a plane
triangle, correct to magnitudes of the fourth order, if we diminish each angle of the cor-
responding spherical triangle by one-third of the spherical excess. In the case of non-
spherical surfaces, we must apply unequal reductions to the angles, and this inequality,
generally speaking, is a magnitude of the third order. However, even if the whole sur-
face differs only a little from the spherical form, it will still involve also a factor denoting
the degree of the deviation from the spherical form. It is unquestionably important for
the higher geodesy that we be able to calculate the inequalities of those reductions and
thereby obtain the thorough conviction that, for all measurable triangles on the surface
of the earth, they are to be regarded as quite insensible. So it is, for example, in the
case of the greatest triangle of the triangulation carried out by the author. The greatest
side of this triangle is almost fifteen geographical® miles, and the excess of the sum
of its three angles over two right angles amounts almost to fifteen seconds. The three
reductions of the angles of the plane triangle are 4”7.95113, 4”7.95104, 47.95131. Besides,
the author also developed the missing terms of the fourth order in the above expres-
sions. Those for the sphere possess a very simple form. However, in the case of
measurable triangles upon the earth’s surface, they are quite insensible. And in the
example here introduced they would have diminished the first reduction by only two
units in the fifth decimal place and increased the third by the same amount.

* This German geographical mile is four minutes of arc at the equator, namely, 7.42 kilome-
ters, and is equal to about 4.6 English statute miles. [Translators.]
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NOTES.

Art. 1, p. 3, 1. 8. Gauss got the idea of using the auxiliary sphere from astron-
omy. Of. Gauss’s Abstract, p. 45.

Art. 2, p. 8, 1. 2 fr. bot. In the Latin text situs is used for the direction or
orientation of a plane, the position of a plane, the direction of a line, and the posi-
tion of a point.

Art. 2, p. 4,1. 14. In the Latin texts the notation

cos (1) L* + cos (2) L* + cos (3) L* =1

is used. This is replaced in the translations (except Biuklen’s) by the more recent
notation

cos? (1) L + cos® (2) L + cos® (3) L=1.
Art. 2, p. 4, 1. 8 fr. bot. This stands in the original and in Liouville’s reprint,
cos A (cos ¢ sin ¥ — sin ¢ cos ') (cos ¢/ sin #”" — sin ¢/ sin ¢'"’).

Art. 2, pp. 4-6. Theorem VI is original with Gauss, as is also the method of
deriving VII. The following figures show the points and lines of Theorems VI and
VII:

Art. 3, p. 6. The geometric condition here stated, that the curvature be continu-
ous for each point of the surface, or part of the surface, considered is equivalent to
the analytic condition that the first and second derivatives of the function or func-
tions defining the surface be finite and continuous for all points of the surface, or

part of the surface, considered.
Art. 4, p. 7, 1. 20. In the Latin texts the notation XX for X? etc., is used.
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Art. 4, p. 7. “The second method of representing a surface (the expression of
the coordinates by means of two auxiliary variables) was first used by Gauss for
arbitrary surfaces in the case of the problem of conformal mapping. [Astronomische
Abhandlungen, edited by H. C. Schumacher, vol. IIT, Altona, 1825; Gauss, Werke,
vol. IV, p. 189; reprinted in vol. 85 of Ostwald’s Klassiker.—Cf. also Gauss, Theoria
attractionis corporum sphaer. ellipt.,, Comment. Gott. II, 1813 ; Gauss, Werke, vol. V,
p. 10.] Here he applies this representation for the first time to the determination of
the direction of the surface normal, and later also to the study of curvature and of
geodetic lines. The geometrical significance of the variables p, ¢ is discussed more fully
in Art. 17. This method of representation forms the source of many new theorems,
of which these are particularly worthy of mention: the corollary, that the measure of
curvature remains unchanged by the bending of the surface (Art.11, 12); the theorems
of Art. 15, 16 concerning geodetic lines; the theorem of Art. 20; and, finally, the
results derived in the conclusion, which refer a geodetic triangle to the rectilinear trian-
gle whose sides are of the same length.” [Wangerin.]

Art. 5, p. 8. “To decide the question, which of the two systems of values found
in Art. 4 for X, ¥, Z belong to the normal directed outwards, which to the normal
directed inwards, we need only to apply the theorem of Art. 2 (VII), provided we use
the second method of representing the surface. If, on the contrary, the surface is
defined by the equation between the coordinates W= 0, then the following simpler con-
considerations lead to the answer. We draw the line do from the point A towards
the outer side, then, if dz, dy, dz are the projections of do, we have

Pdz+Qdy +Rdz>0.
On the other hand, if the angle between o and the normal taken outward is acute,
then

dy de
TX+ Y+d

This condition, since d o is positive, must be combined with the preceding, if the first
solution is taken for X, ¥, Z. This result is obtained in a similar way, if the sur-
face is analytically defined by the third method.” [Wangerin.]

Art. 6, p. 10, 1. 4. The definition of measure of curvature here given is the one
generally used. But Sophie Germain defined as a measure of curvature at a point of
a surface the sum of the reciprocals of the principal radii of curvature at that point,
or double the so-called mean curvature. (f. Crelle’s Journ. fiir Math., vol. VIL.
Casorati defined as a measure of curvature one-half the sum of the squares of the
reciprocals of the principal radii of curvature at a point of the surface. Cf. Rend.
del R. Istituto Lombardo, ser. 2, vol. 22, 1889 ; Acta Mathem. vol. XIV, p. 95, 1890.

Z > 0.
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Art. 6, p. 11, 1. 21. Gauss did not carry out his intention of studying the most
general cases of figures mapped on the sphere.

Art. 7, p. 11, 1. 81. “That the consideration of a surface element which has the
form of a triangle can be used in the calculation of the measure of curvature, follows
from this fact that, according to the formula developed on page 12, % is independent
of the magnitudes dz, dy, 8z, 8y, and that, consequently, £ has the same value for
every infinitely small triangle at the same point of the surface, therefore also for sur-
face elements of any form whatever lying at that point.”” [Wangerin.]

Art. 7, p. 12, 1. 20. The notation in the Latin text for the partial derivatives:

dX dX
o’ Ay’ ete.,

has been replaced throughout by the more recent notation:

0X oX

oz 9 w; ete.

Art. 7, p. 13, 1. 16. This formula, as it stands in the original and in Liouville’s

reprint, is

AdY=—2%tudt —Z° (1 + ) du.
The incorrect sign in the second member has been corrected in the reprint in Gauss,
Werke, vol. IV, and in the translations.

Art. 8, p. 15, 1. 3. Euler’s work here referred to is found in Mem. de 1'Acad.
de Berlin, vol. XVI, 1760.

Art. 10, p. 18, 1I. 8, 9, 10. Instead of D, D', D" as here defined, the Italian
geometers have introduced magnitudes denoted by the same letters and equal, in
Grauss’s notation, to

D DI DI/

V(EG—FY v (EG—FY v (EG—F?

respectively.

Art. 11, p. 19, 1l. 4, 6, fr. bot. In the original and in Liouville’s reprint, two of
these formulee are incorrectly given :

a—l-ﬂ—_—_m”—k By M= — =t
dq 9¢g 2 9¢q
The proper corrections have been made in Gauss, Werke, vol. IV, and in the trans-
lations.
Art. 13, p. 21, 1. 20. Gauss published nothing further on the properties of devel-
opable surfaces.
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Art. 14, p. 22, 1. 8. The transformation is easily made by means of integration
by parts.

Art. 17, p. 25. If we go from the point p, ¢ to the point (p+ dp, ¢), and if the
Cartesian coordinates of the first point are =z, y, 2, and of the second z-+dz, y + dy,
z+dz; with ds the linear element between the two points, then the direction cosines
of ds are

dz _dy _de
€0s & = —, COS’B—EZ—s’ cos'y_(—i;.
Since we assume here ¢ =~Constant or d¢g =0, we have also
ox oy 0z
dx=5-];-d]o, dy=ﬁ}'dp, dz=@-d]o, ds === v E.dp.

If dp is positive, the change ds will be taken in the positive direction. Therefore
ds=v E.dp,
cos a =77 - o OOSB‘—'—V—E- ap COSY= 77 '5]“09

In like manner, along the line p = Constant, if cos «’, cos B/, cosy’ are the direction
cosines, we obtain

,_ 1 oz , 1 oy ,__ 1 oz
cos o' =7 5 cos 3 =Vad g YTV E Ay
And since
€08 @ = c0s a cos &’ 1+ cos B cos B’ + cos y cos y/,
F
€08 0 =7 pa
From this follows
. VvV (EG— F?
me=""Fg

And the area of the quadrilateral formed by the lines p, p +dp, ¢, ¢ +dg is
do=v(EG—F? .dp.dyg.

Art. 21, p. 33, 1. 12. 1In the original, in Liouville’s reprint, in the two French
translations, and in Boklen’s translation, the next to the last formula of this article
is written

EG—F" ,

EBS—F(ad+By)+Gay=tgg—gm¥



NOTES 55

The proper correction in sign has been made in Gauss, Werke, vol. IV, and in Wan-
gerin’s translation.

Art. 23, p. 35, 1. 13 fr. bot. In the Latin texts and in Roger’s and Boklen’s
translations this formula has a minus sign on the right hand side. The correction in
sign has been made in Abadie’s and Wangerin's translations.

Art. 28, p. 35. The figure below represents the lines and angles mentioned in
this and the following articles :

Art. 24, p. 36. Derivation of formula [1].
Let *=p*+ ¢+ R,+ R,+ B,+ R,+ etec.
where R, is the aggregate of all the terms of the third degree in p and ¢, R, of all

the terms of the fourth degree, etc. Then by differentiating, squaring, and omitting
terms above the sixth degree, we obtain

(a(ﬁ))“’ 4y +(a_§) +(aR) +4p(aR)+4paR

ap 910 op op
oR, R, _0R,0R, _0R, 0R,
+4p—23 5 +4]0 5 +28p N +zap %

and
(ag;)) 49+(a§)+(a};)+4 aR"‘HQ%B—

R, . .OR,0R, _0R,0R,
+4g5) +4gag T2 S T
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Hence we have

)+ e

op 89
— (% 3+qa R)+4(p§§é+ @—thl(afo)ﬂ;(%%)z)
+4(p el ?——@—R +2a£ aa];wga;; a;;’

. 6_11__ oR, oR, OR,OR, OR,OR,
+4(]0 +9 B+ 4 (10)+1( g)+%8]o 8p+28q g
_ oR, oR, oR,0R, oR,OR,
8R+4(3R+1(p) +3(5 ))+4(4R—|—2ap Tt 5, g
oR, oR, oR,0R, 0RO R,
8]0) +1(ag) T op ap +2ag aq
since, according to a familiar theorem for homogeneous functions,

oR oR,
P 8p3+97_—3 R, ete.

By dividing unity by the square of the value of n, given at the end of Art. 23, and
omitting terms above the fourth degree, we have

+4(5 2+ (5,

1
L= =2/ + 2/ pg +29°¢ —3/°2¢" + 2/" ¢ + 29/ pq’ + 24° ¢,

This, multiplied by the last equation but one of the preceding page, on rejecting terms
above the sixth degree, becomes

1 a 2\ \ 2
(1___52.)( a(;)) =8f0p2g2+ 8](‘/])392 _12‘](‘02])29,4_1_ ShOPZQA

+89°]0293 +8f” 2 _|_2fo 2(?_1;,)
. OR oR R
T8/, T8IV F8SP 8 pd )

oR,

+ 80
VaY T arwe 3]0

Therefore, since from the fifth equation of Art. 24 :
o(r)\* , (9(r))* . 1y (a(%)\?
(a]) ) +( aq ) —47'2_(1——%2.)( ap )’
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we have
R, aR,0R, _9R,0R,
8 B+ 4(3 R+ p)+1( q))+4(435+%ap 5, 5,
OR) | JIROR, | ORIR,
a0) V1o 3 Th%g 2

=8fop2q2+8flp392+890p 93_’_8]‘019922_'%_12]"0 4+8fll 4 2

+4(5m+ 3 (5 p)+z

IR, oR R AR
+8l33+8ko 4_]_202 +8 /22 3+8o 4+8 3.
9Py S (},) vy forg ap ypqa],

Whence, by the method of undetermined coefﬁcmnts, we find

R——O R,=3%rp =yP¢+ 19°re,
B,= (/" — f°"’)10 9”+%9’p393+(2 he — 5/ P*e
And therefore we have
[ P=p+ 3P+ AP (B — A S P+ et
+¢ ST T
+ (2 ho 1lgf‘cﬂ)}fg‘l
This method for deriving formula [1] is taken from Wangerin.
Art. 24, p. 36. Derivation of formula [2].
By taking one-half the reciprocal of the series for » given in Art. 23, p. 36, we
obtain

1

o= s A=~ pd—9° ¢ — /P ¢ — 9 pd — (R° —S°) ¢ — ete].
And by differentiating formula [1] with respect to p, we obtain

o(r®

2 —app+ e TP 2@ — SN P

op
+39°pgt 3910 ¢
+ (3h° — &Y pe* + ete.].

)

Therefore, since

rsiny=g- 9 ap
we have, by multiplying together the two series above,
[2] rsing=p—4/°pg" =1/ P’¢ — AS" + F5/°) p'¢" — ete.

—4+9°p’— 39'P°¢
— @2 =& pe
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Art. 24, p. 37.  Derivation of formula [3].
By differentiating [1] on page 57 with respect to ¢, we find
a(r%
o9

=2[g T3/ P93Py + @ &P
TP $9PE+ $ 0 — )P+ ete]
Therefore we have, since

.20
| 7 COS s g’
[3] reosy=g+3/°pq+1f pqg +(3f"‘" 25/ ptq + ete.

TP T R T G — R/
Art. 24, p. 37. Derivation of formula [4].

Since 7 cos ¢ becomes equal to p for infinitely small values of p and ¢, the series
for r cos ¢ must begin with p. Hence we set

1) rcos ¢ = p +R,+R,+RE,+ R+ ete.
Then, by differentiating, we obtain

9(rcos¢) oR, OR,
2 =1 + + —l— * 4 + ete.
® ap op op " ap O

2 (r cos ¢) oR, aR R5

=° + + t+ + ete.

®) VBY ag " ag ' °°

By dividing [2] p. 67 by = on page 36, we obtain

4) =p—4/°p¢ 1/ — (&S + &) PP —ete.
/2 .8

—39°pP— %919 — (Fh°— 2/ p ot

rsm-,b

Multiplying (2) by (4), we have

(5) rs;n\[;. a(r;;s # =p +1081; +pa§3 +108£‘* +108£ — &+ &PE
—4/°pe—4/°p ¢ -a% —3$/°pd %-7910 7
— /e *%f’pzqz-a%— L0t s TASV LS
$9°pd —39°p05 1y oto.

op



NOTES 59
Multiplying (3) by [3] p. 58, we have

o (rcos¢) oR oR, oR,
(6) rcosy. 5y ¢ gz-l-gaqs-l-gaq4 +98q +3% ]0939

oR oR oR
+ 311 992 +3/° g aqs +49°0'q 7”9“

Since

rsinyg 3 (rcos ¢) 2 (7 cos ¢)

- ap +7rcosy- 3¢ =17 cos ¢,
we have, by setting (1) equal to the sum of (5) and (6),
p+R,+R,~+R,+ R+ etc.
dR, | R, R, R, s e
=p+p op Ftp op +p op trs, ap —@r—grre
oR, oR, A oR,
+93—q"%f° 9—4f°10931;‘4f° 3 tog,
oR oR, oR,
+qa—; —re e, TR,
oR oR,
—4°re 97, NI
oR, . oR,
+qaq IS A VA A B S

oR,
T4/ g, —HPE T ete,

from which we find

R,=0, R= 3/°pd’, R,= %f{?‘ﬂ ¢ti9°pd,

R=3%59 P+ @1 — &) pd+ (&S — &)
Therefore we have finally
[4] roos g =pt 3 pg TSP (ST /TP ete

T 1900t K9P
+ (3 A5 pet
Art. 24, p. 37. Derivation of formula [5].

Again, since r sin ¢ becomes equal to ¢ for infinitely small values of p and g,
we set

(1) B S , Sin(i): g +R2+R3+R4+R5+ ete.
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Then we have by differentiation

2 R, @R, R
(2) (rsing) OR, 0, 0B, 0F, .
op 10 zo

op op
5 (rsi
3) —-_(raS;n 422 + + + g5+ ete.
Multiplying (4) p. 68 by this (2), we obtain
rsing d(rsing) 3R, oR, 3R, R, _ 2 20R,
(4) n ap  Lop +p op +p 7p +r35, ap 1/'p re; op

oR, oR, oR,
—8friy, —lrd *37—39 Py '517"“0
Likewise from (3) and [3] p. 68, we obtain
9 (rsing) oR oR, 8 BR

() reosy.—5 —==g+eg Ty Tag Ty + @GS =50 P
R R
t3ore %f°p29—5;1-“’ tirre 5, dere
| R,
+i e+ 1P 5 aq Pt (R — 1N P
SR TAV A S YAV 'S ;+etc
Since
iny 3(rsi 2 ,
”1:4’. (rg’;l¢)+ 7 cosy - (rs;nd))—"rsm(ﬁ,
by setting (1) equal to the sum of (4) and (5), we have
¢ +R,+R,+ R,+ E,+ ete.
B dR, , OR, oR, | . ., R, oR,  oR,
=9trY, Try, trg, TPty HAPeG) e ag T ete
dR, , R, R, _ R, Ry o o 2B
t9%, +qag MEFPIE AV S Vi L ar e TA8 iy ag fl’-‘lag
OR R
NETAV A St TS LBy —%f’pzﬁyp—zﬂlf”— &0 e

2R
R ZAV A O R T L' 7];; i+ G 1P
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from which we find
B=0, B=—1/r R=—1r 39*‘9109,
By=— (3" =5/ g — 45 97 — (b 1) prg?
Therefore, substituting these values in (1), we have
[5] rein¢=g =4SP —APe S = ol plg— ete.
_._i_gop292_ gIPSQZ
— (B Y
Art. 24, p. 38. Derivation of formula [6].
Differentiating » on page 36 with respect to ¢, we obtain
on

1) 3g =2fq+2f pg+2f"p*q + ete.
39°¢* +39'pg® + ete.
+4k°¢> + eto, ete.

and hence, multiplying this series by (4) on page 58, we find

=2 pg+2f prq+ 21" p*qg+ 39 p*g* + eto.
+3g9°pg*t (4R =5/ p g

For infinitely small values of », ¢ + ¢ = %, as is evident from the figure on page

rsm\[; on
@) Fadt

55. Hence we set
b+ ¢=5+R,+E,+E,+EB,+ ete.

Then we shall have, by differentiation,
oY+ ¢) oR,  oR, OR,

2 4
(3) a—{ ——ap+£+£+a§+etc
(4) oy 4)):8 +a +a -I—a ¢ + ete.
99 dg ~ 9¢  9¢  9¢

Therefore, multiplying (4) on page 68 by (3), we find

rsing 9(y+¢) oR, oR, R, oR,
) P ap =p ap P73 ap +p ap +]oa—p—+etc.

. ,OR, R,
—3/re, TEre,
: oR
—%f’pzqz—apl

oR
—%9°p ‘_73‘3‘;’
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and, multiplying [3] on page 58 by (4), we find

ay+g¢) R, R, oR, oR,
(6) 7 CoS P TRLAT —I—gaq +qaq +95 3q + ete.
oR oR
+3rPe, TR,
oR,
+1f
P15,
OB
ti°r 05,
And since
rsing on | rsiny a(¢+¢) o(y+
p '89 + - ap rcosxp-———\p 4)):0,
we shall have, by adding (2), (5), and (6),
OR ] ,OR
0=p3, T2 pet2/re  +2/"1q —toords,
oR, , R, R,
+p==2 +3g¢°ps + 39 p
13q 10], 9°rq 9r'q +qaq
oR oR, oR
togy trg, ST TARV Uit YAV X
—_— (°] 1 aR aR
$ropq apﬂoap +fzoqaq
oR, oR oR,
tog, —4/°r0, NETA X arry
L, OB .. AR
+2fjoq-5§-—~f Yala 5 + ete.
From this equation we find
RB=0, R=—fpg, B=—3f"p'9—9°pd
Be=— (/" — 5/ g — 300 — (b =3/ p g
Therefore we have finally
o
(6] Y+od=g5—/pg—3S p'q — @GS —§/°) pg —ete.

—9°ps*— 49'P°¢
—e—3/ ) p
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Art. 24, p. 38, 1. 19. The differential equation from which formula [7] follows

is derived in the following manner. In the figure on page 55, prolong AD to D',

making DD’ =dp, through D’ perpendicular to AD’ draw a geodesic line, which will

cut AB in B’. Finally, take D'B’=DB, so that BB" is perpendicular to B’ D'.
Then, if by ABD we mean the area of the triangle ABD,

o . AB'D'—ABD BDD' B BDD'B”

3 =lim —=5;—=1m

. im 2D’
- BB BB

DD BB”
since the surface BDD'B” differs from BDD' B’ only by an infinitesimal of the
second order. And since

BD / 24
BDD'B"=dp.[ndg,or lim—l%lz— =[ndyg,

and since, further,
. DD ap
lim w7 BB =
consequently

Therefore also

oS ap o8 aq__ap.
ap or ' 9q or or Snay.

or or
Finally, from the values for -—; 3q given at the beginning of Art. 24, p. 36, we have

op_1

09 _
ar —-%1 Y, 3y 008 Y,

so that we have
o8 siny | o8 __siny
32w Tagcosy=— ~fndg.

[Wangerin.]
Art. 24, p. 38. Derivation of formula [7].
For inﬁnitely small values of p and ¢, the area of the triangle 4 B €' becomes

equal to 1 pg¢. The series for this area, which is denoted by .5, must therefore begin
with 1 pg, or R,, Hence we put

S=R, + R,+R,+R,+R,+ etc.
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By differentiating, we obtain
_— 6
o op | op + 2p + }7 -l- p + ete.,
— = + 3 6

(2) 3¢ ag g T q+ q+ 54 T etes

1) 08 _oR, | oR, oR
o8 _0oR, , oR, OR,
and therefore, by multiplying (4) on page 58 by (1), we obtain

rsing 98 _ OR, 0R, R, OB, ol
(3) " 3 pap +]oa]) +p8p +p8p +p~a—p—+etc.
oR, oR, E)R
— ] e (o} ______4 0
$fpq ap §$/°ryq ap §/°p ap
oR,

—.5/‘/17292__8}7___%.]0’ 292 p

IR, LOR,
—39°r¢ ‘a‘],—“fg re a],
R,
— (8 //+ 8 (o2
&S+ NP C S, ap
_1.9,]02930],

oR
— @A =10

and multiplying [3] on page 68 by (2), we obtain

N oR, oR oR, oR, oR
4) r oSy —qaq +gq g3+g— +gaq +q@—°+etc.
oR oR,
2 f0 2 2 fo o)
+fzoqaq+3fzoqaq quag
oR,
+%f’p39—a—g+ regy

. L OR, R,
190 9'1‘19109 2q

R,

R 7R AV '
A
tYore s,

R,
R s TA) o
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Integrating » on page 36 with respect to ¢, we find
(5) Jndg=q+ 11 ¢+ 1 e+ 1P ¢+ ete.
T19°¢ 19 pg t ete
+ 1 h° ¢° + ete. ete.
Multiplying (4) on page 58 by (5), we find

7 sin
(6) "b'f% dg=pq—rpd — 1/ ¢ — G+ &7 P e — ete
—39°pd — 9P
, — G =1 pe
Since
rsinyg o8 __7rsin
nlll ]o"‘?'GOSlIJ aq ‘pfndq,
we obtain, by setting (6) equal to the sum of (3) and (4),
ryq —rrd RIS @RS SN P ete
—%9°rg  — BI9P 9‘*
—(Fre—Hr)pe
oR, oR, OR | OR,, 0R, OR R
=pap2+pap3+pap" +_/;ap5+q,q5+]o ; +3g°pt¢* q3+etc
9B, oR, , OR oR, R, R,
teg i teg, T, TRPreG, teg, TR ESIPE )
R, R, oR R,
—4/°r i, TR qy_q——ifﬂ?oq op TR e,
oR oR R, R,
LRI X i Y S aj,“r L s S iy
R, R, R,
+ 3P 9*55—4/"1029"’ 3p T e
OR R, R,
R I Ar i YAV L« VAR e e

____aRz 8R3 o 02 _ﬁ.
R ar vt TAV Thr e ap @A TS )anq'
From this equation we find

R,=1%pq, B=0, R=—+7ps*—3/P¢

B=—cf"p'e—59°P°q -——%vf’zozqa——%w%oq",

Ry=—(5 h° —4 f°2)]09 —( Lo+ &+ d0) P
— &9 — G — f°2)1059—2—1w'p‘q"'
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Therefore we have
[7] S=4pq—1/P¢ — 4/ P'e — oS —d /)P’ ¢ — ete
— P 7~ 8 79 °p’ q — 259’ P ¢
T/ PP — (ke &S+ &SNP

—T%qu‘* — &9

— (5 h° — /) q
Art. 25,p.39,1.17. 3p*+4 ¢4 +4qg¢ + 4 ¢* is veplaced by 3p*+4 4+ 4 g%
This error appears in all the reprints and translations (except Wangerin’s).
Art. 25, p. 40, 1. 8. 3p*—2¢*+ q¢ + 4 ¢q is replaced by 8 p* —2¢*+ ¢4
+ 4 ¢'%.  This correction is noted in all the translations, and in Liouville’s reprint.
Art. 25, p. 40. Derivation of formulse [8], [9], [10].
By priming the ¢’s in [7] we obtain at once a series for 8’. Then, since
o=8—48, we have
c=4p (=)= 1P 0 —¢) =4SP G—¢) —FP @1
—12/P @) RSP )~ 9 ()
correct to terms of the sixth degree.
This expression may be written as follows :

=iplg—A— % P+ +ed +7)
—go/ p O+ T+ Tqg +7¢7
—59° (¢t ¢) Bp +4¢ +449'7),
or, after factoring,
Q) e=3p0@— A3/ ¢4/ PPt DA—L/ P =+ 99 T¢7)
— g0/ p(6p =8+ Tqg' +7¢")—59° Bp°¢+3p°¢ —6g*+4¢'¢ +499'"+44"%)).
The last factor on the right in (1) can be written thus:

Q=135 4p) —1%7° 397 mf’ 69¢)— 135/ Bp) —1d5/ p(29)
+135/° 24 +mf° 64¢°) — PB9Y) +1k/° 28 —1kS p 49"
—130/° B ¢9) — 1tk S° (699’)-——09 9(31)2) —130/°(99) —15v9°9 3P

—155/° B¢ —1%/° B9 +1559°9 (647 —mf° ¢ +1559°4 (299
— 155/ P8P —1859°¢ (69¢) — mf’zo Bp) —13v9°¢ (¢9)
+ 150/ P (6 —1359°9 B¢ + 135 P (29 —1iv9°d (4¢'P).
We know, further, that
1 o*n

/c=—-; -a—§—=—-2f—ﬁgq——(l2iz—ZfZ)gz——etc.,
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S=r+,rpt+ 7 p*+ ete,
9=9°T 9 ptg'p+ ete,
h=h°+NWp+ k' p*+ ete.
Hence, substituting these values for f, g, and % in %, we have at B where =g,
correct to terms of the third degree,
B=—2f"—2f'p—6g°q—2/"p"—6g pqg—(124° —2/7) ¢
Likewise, remembering that ¢ becomes ¢’ at C, and that both p and ¢ vanish at 4,
we have
7=—§f° —2fp—bg°f — 2P — 6y pg — (124° =2/ ¢,
a=—2f°.
And since ¢ sin B =7 sin ¢,
esinB=p(l—1/°¢—1/pq¢—19°¢ — etc).
Now, if we substitute in (1) ¢ sin B, a, B, y for the series which they represent,
and @ for ¢ — ¢, we obtain (still correct to terms of the sixth degree)
c=%acsinB(l+lga(dp’—2¢+3¢9¢+3¢?
T iy B((gp:—SQZi 699’/:5;9’,:)))
Ty —29+ ¢4+ 44%).
And if in this equation we replace p, ¢, ¢ by ¢ sin B, c¢cos B, ¢ cos B — a, respect-
ively, we shall have
[8] oc=2tacsinB(A+ tlya B+ 4F— 9accosB)
+ 25 BB @+ 3¢ — 12 ac cos B)
+ sy @+ 3F— 9accos B)).

By writing for B, a, B, @ in [8], 4, B, a, & respectively, we obtain at once
formula [9]. Likewise by writing for B, B8, y, ¢ in [8], C, y, B, b respectively, we
obtain formula [10]. Formulee [9] and [10] can, of course, also be derived by the
method used to derive [8].

Art. 26, p. 41, 1. 11. The right hand side of this equation should have the pos-
itive sign. All the editions prior to Wangerin’s have the incorrect sign.

Art. 26, p. 41. Derivation of formula [11].

We have
1) P+ —(g—¢V—2rcosd.r cos¢d —2rsin¢.s sing’

=0+ 2—a*— 2bccos (¢ — ¢)
= 2 bc (cos A* — cos 4),
since &* + ¢ — a*= 2 bc cos A* and cos (¢ — ¢') = cos 4.
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By priming the ¢’s in formulee [1], [4], [6] we obtain at once series for »'%
7 cos ¢, 7" sin ¢'. Hence we have series for all the terms in the above expression,
and also for the terms in the expression:

(2) rsing .7 cos@d’ —rcosd.r sing’ =besin 4,
namely, |
(3) P=p RSP ISP G — AP+ ete.

te ti9opd+ 29 pe

G =S

(4) =P RPN LPE (BF — S Y ete,

+ql2 +%gop29/3+ %_glpsql3

T @r— K

(5) ==+ 29¢— 7"
(6) 27 c0s p=2p + 4/° p g + 1S P+ (S — HfH P g+ ete.

t9°re IV
. T @A —H/)pd,
(7) reos ¢’ =p+3/pg"+ P+ (S — 5P+ ete.
T 39°p9 T 9P e
T @K/
(8) 2rsing =2¢ =3/ p =8/ Py —Fof" = 58S g — ete.
39— %9 e
— @A+ 3P

9) r'sing' =¢' =300 =5/ P¢ — (IS — 5/ pq — ete.
—%‘,9'02729/2—’230‘9/]039,2
— GRS P

By adding (3), (4), and (5), we obtain
(10)r2+ 72 —(g—¢' ) =2p"+ 3/ p* @+ ¢+ 3/ P (¢ + ¢'°) + B/ — 5% p* (¢ + ¢'*) T ete.
+ 299’ T3P (Pt + 297 (£ ¢
| T3 =L P (g,
On multiplying (6) by (7), we obtain
(11) 2 rcosd .7 cos ¢ '
=2p"+ 4P (Pt ) T3S0+ GBS 1S Pt g+ ¢F) + ete
+9°r* @+ P (¢t
| +@ =P Y
+ _g_fozpz 92912,



NOTES 69

and multiplying (8) by (9), we obtain
(12) 2 rsing .+ sin ¢’
=299 =499 — 3/ P97 —@S RSP g — ete.
—39°P9d (¢t ¢)— D9 red 9+ )
—@r + B (@ 9
Hence by adding (11) and (12), we have

(13) 2dccos A
=2p+4/P P+ TP B4 0l )—FE /2P 29 —3¢¢) + ete.
+29¢'—4/°P*e¢ +49°0* 24+ 29" — "¢ —99")
_Zlgfo2p2 (14 9/4 + 14 9,14 + 1393 ql + 13 9,913 ___40 92ql2)
+ 459 PP (T¢+T7¢°—3¢¢ —3494")
+ 3/ B ¢+ 3¢ —2497)
+3r°p(2¢"+2¢"— ¢ 9" —q¢").
Therefore we have, by subtracting (13) from (10),

2 be (cos A* —cos 4)
==3fP @+ =299 ) 3P (@ T ¢ —2q9¢)F &P 9 — 2 99) — ete.
—39°P (P — ¢~ =L PP P29
T2/ (Te + T+ 134" + 13 ¢¢° — 40 ¢*¢")
— 2P ("= — 9P
—%y P @+ 90,
which we can write thus:
(14) 20e (cos A* —cos A) =—=2p" (¢ —¢'V G/ T4/ p+ 19° (gt ) + &SP
+ 30 (F+ 9+ ¢+ Fgp gt )
— & — &S (T + Tg*+ 27qq),

correct to terms of the seventh degree.
If we multiply (7) by [5] on page 37, we obtain
(15) 7 sin ¢ . 7’ cos ¢’
=pqT3/°peq" T TS P90 T (oS — SN P g ete
3P t39°ped”® T ree”
—pte @S ped”
g

—_— 0p39,2 _%fo2])39,912
— (&S — S g
— 2_30_911)4 92
— G+ 130 P e
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And multiplying (9) by formula [4] on page 37, we obtain

(16) rcos ¢ . 7 sin ¢’
=pd =3¢ —¥Pe  — (&S )P ete
T3pdd —19°P°9" 9P

+ &SP — G RSN
+3i9°pid — 3/
+ (']__36f" — z83:](‘02)}73 92 g,l
+ Py
+ @A)
Therefore we have, by subtracting (16) from (15),

(17) besind

=plg—¢A =% —FHfped — (&S —FHSP e
—3fq9d — 1P — (&S — oS Pt

—39°¢d ¢+ 9)— g ped ¢+ ¢)

—19°P (¢ +9q) —H9r@+4q)
— FA PP 99+ ¢
— @ —5%rNed @+ aed + 9

T3¢9,
correct to terms of the seventh degree.
Let A* — A= (, whence A*=A4+ {, { being a magnitude of the second order.
Hence we have, expanding sin { and cos {, and rejecting powers of { above the second,
2

cos A¥=cos 4 . (1 -——%—) —sind .,

or

A
cos A* —cos A =— CO; “{?—sinAd.(;

or, multiplying both members of this equation by 2&¢,
(18) 2bc¢(cos A* —cos A)=—0bccos A.{>—2besin 4. L.

Further, let {=ZR,+ R,+ R,+etc., where the R’s have the same meaning as before.
If now we substitute in (18) for its various terms the series derived above, we shall
have, on rejecting terms above the sixth degree,

P+ted) B+ 2p(g—¢)A—%/° PP+ 2¢9)) (B,+R,+R)
=2p (¢ — ¢V @GS HESfpt 190t )+ &SP+ Hdpet )
T30 (P g + ¢ — /2122 + TE + T2+ 27 ¢¢")).
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Equating terms of like powers, and solving for R, R,, E,, we find
Ry=pg—q) - %/° B=p—¢)GS'pt+19°@+¢)),
B=p@—9)G/" P+ &9 plg+9)+30° @+ g9 +¢7)

—o/ (TP + T4+ 79"+ 12¢7).
Therefore we have
A= A=pg—AS T/ p+ 19° (g +¢) + /" P
Tavgplg+q) 1R (P +eg +97)
— /(P + T+ 1299+ T¢'%)),
correct terms of the fifth degree.
This equation may be written as follows:

A¥=A+ap(Q =3/ P+ ¢+ +9d DG +3/p+19° (¢ +9)
T/ Pt g gt ) TR (gt ) — e/ 2p T 24+ T+ 247).
But, since
20=ap(A—3/°(P"+ ¢+ q¢ + ¢ + ete),
the above equation becomes
AF=A—o (=3, =5/ P—%9° ¢+ ) — ¥/ P— 9 ra+q)
_%ko (9,2_|_ 9/9/_!__ 912) _l_ _glﬁf‘OZ(4])2+ 492+ 149ql+ 4912))’
or
A =d= o (~ P~ ES S
— &S — P
—129°9 —129°¢
_l_ngllp2 _T2§f//p2 + _125_.](‘//292
I Pre— Iy TE9rt4)
—e e R g TR (B9 — 294 +3¢"7)
T/t A S g 1d gy — 1147).
Therefore, if we substitute in this equation a, B, y for the series which they repre-
sent, we shall have
[11] Af=A—o(fatHBTHyT&/Ptigpa+4q)
+ L B¢ —2¢¢ +3¢D+ &/ 2UpP— 114+ 1449 — 11 ¢'%)).
Art. 26, p. 41. Derivation of formula [12]. 4
We form the expressions (¢ —¢')*+ #*—'*—2(¢—¢')r cosy and (¢ —¢’) rsin ¢.
Then, since
(g— ¢+ r—r*=a*+ *— b= 2 ac cos B¥,
2(¢g—¢')rcosy=2accos B,
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we have
(g— ¢+ r—#2—2(g—¢)rcosy= 2ac(cos B* — cos B).
We have also
(¢g—¢)rsiny = acsin B.
Subtracting (4) on page 68 from [1] on page 36, and adding this difference to
(9 —¢')’, we obtain
(1) (¢g—¢)P+r*—#? or 2 accos B¥
=29 =)t 3P~ TP (@ —¢7) T @RS =257 ) T ete
T19°0 () 29 (@ —97)
G~ A )
If we multiply [3] on page 37 by 2 (¢ —¢’), we obtain
(2) 2(¢—¢)rcosy, or 2 accos B
=29(— 8P — N FrPeg—) QS KNP (g ) Fete
T39°r¢e—4) + $9 P70 —4)
TG =31 9)
Subtracting (2) from (1), we have
(3) 2 ac (cos B* — cos B)
=—2p (= ¢’ G + 1/ + (4" = 25 /) P+ ete.
T19°@29t)* 29p2g+9)
TGEA =0/ B ¢+ 299 +¢7))-
Multiplying [2] on page 36 by (¢4 —¢’), we obtain at once
(4) (¢g—¢')rsiny, or acsin B
=p@— A =3¢ =1/ pg — GS" + &7 PP+ ete.
—49°¢ — 29'ps
— @& —59).
We now set B* —B ={, whence B¥*=DB + {, and therefore
cos B* = cos B cos { — sin B sin {.

This becomes, after expanding cos { and sin{ and neglecting powers of { above the
second,

B
cos B¥ — cos B=— GO; -?—sinB. L.

Multiplying both members of this equation by 2 @c, we obtain
(5) 2ac(cos B¥ —cos By=—accos B. *— 2acsinB . {.
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Again, let {=R,+R,+R,+ etc., where the R’s have the same meaning as before.
Hence, replacing the terms in (5) by the proper series and neglecting terms above the
sixth degree, we have

(6) ¢(¢ =) B +2p(g—¢)A—1/°¢") (R, + R+ B,
=2V GS LS + @GS = S

t19°2¢+¢)+39p2g+7)
+ F KNG 299+ ).
From this equation we find
R=plg—¢)-4/° B=plg—¢)GS'pt19°Cg+7)),
R=plg—9)GS"P+Egp2e+q)+3r° B¢+ 299+ ¢
— e/ Ep 18+ g+ T ).
Therefore we have, correct to terms of the fifth degree,
B*=B=pq—¢)G/ t4/p 3/t p2et )
T19°Qg+ ) TER° B+ 299 +¢")
— o/ (AP 164+ 99g +T¢7),
or, after factoring the last factor on the right,
(N B*=B—ip—¢)A—3/ P+ @ty TN/ 4/ p—39°@2¢+7)
—3/'P—39p2q )3 B¢+ 290+ 7)
+ & (—2p*+ 222+ 8 ¢4 +4 ¢'7).
The last factor on the right in (7) may be put in the form:
—ff 3 &S
—&fr — S
—49°¢ —1%9°¢
_%f//p2 _%f’l}QZ +3lﬁf”})2
—49pe —9pd T A9 p2etq)
—IE00 ¢ — 430+ AU 3 4 gg)
+ %fOZQZ + T2_2__‘]0029/2_, g1(_)_‘](‘02(2}92.4_ 8 92_|_ 11 912_ 8 qql)).
Finally, substituting in (7) o, a, B, y for the expressions which they represent, we
obtain, still correct to terms of the fifth degree,

L12] B*=B—o(fya+t B+ iyt iof"s
T gt e) TR (48— 49g +3 ¢
— & 22 pt+ 8¢*—8¢gq + 11 ¢'%).
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Art. 26, p. 41. Derivation of formula [13].
Here we form the expressions (¢ — ¢')*+ #'*— *— 2 (¢ — ¢')7' cos (w—/) and
(g—¢') 7' sin (m— ') and expand them into series. Since
(g— ¢+ *—r*=a*+ — =2 ab cos %,
2(q—q") 7 cos (m—/)=2abcos C,
we have
(g— ¢V +v*—r—2(¢g—q") 7 cos (m— /) =2 ab (cos C* — cos C).
We have also
(¢g—¢) 7' sin(m—/)=absin C.
Subtracting (3) on page 68 from (4) on the same page, and adding the result to
(¢g—¢')?% we find
1) (g—¢' )+ =7 or 2abcos C*
=—2¢(¢—9) =3P (@) 3P @) — QS =S PE¢) —ete
—39°P (@29 P (¢ )
—_— (%_ ko_z’%fOZ)p2 (q4_ ql'i). |
By priming the ¢’s in formula [3] on page 37, we get a series for 7' cosy/, or for
— 7' cos (w—1/). If we multiply this series for —#' cos(w —¢/) by 2(¢4 —¢'), we find
(2) —2(qg—¢")r cos (m—/), or —2abcos C
=2 =T3P TP @SSP ete
_I_ %gOpZQIZ_*_%gIPSq/?
+ (% ]20 _%f02)p2913).
And therefore, by adding (1) and (2), we obtain
(3) 2 b (cos C*—cos 0)
=—2p(¢— V@SSP TGS — LS PPt ete.
T19°0@+20)+39p(9+29)
T @) (P 299+ 347).
By priming the ¢’s in [2] on page 36, we obtain a series for + siny/, or for
7/ sin (m—4/). Then, multiplying this series for ' sin (w —v/) by (¢ —¢’), we find
4) (¢g—¢) 7' sin (w — /), or absin O
=p (9 "‘9') (]_ _%fo 912_21‘_]:/})9/2_ (% "4 Z%;f“)]ozq’z—etc.
—49°¢° —%9'p9°
— (_% ko,_ _4%_'/’02) qli).
As before, let 0% —(C =, whence C* =C+ {, and therefore
cos O*=cos O cos { — sin C'sin {.
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Expanding cos { and sin { and neglecting powers of { above the second, this equation
becomes
cos C

cos C% — cos =— -{®—sin C. ¢,

or, after multiplying both members by 2 a?,
() 2ab(cosC*—cos C)=—abcos C. '—2absinC. {.

Again we put {=R,+R,+R,+ etc., the R’s having the same meaning as before.
Now, by substituting (2), (3), (4) in (8), and omitting terms above the sixth degree,
we obtain

¢ @— B —2p(g—¢)A—%/f° ¢ (B, + B+ R,
==2p (g — ¢V @S+ 1S p + &S = &S0 P
+19°(g+2¢)+ L9’ p(g+29)
+ (3 A — 55/ + 299 +3¢%),
from which we find
R=p(¢g—¢) -+ B=plg—¢)GS p+1t9°@q+2¢)),
R=pg—9)GS P+ 19 plg+2¢)+ 10 (" +2q9¢ + 3¢
— &SP+ T+ 9qg + 16¢'%)).

Therefore we have, correct to terms of the fifth degree,

(6) ¥ —=C0=plg—9)G/ +1f'p T3P (gt 24)
+19°(@+2¢)+Lr°(F+ 299 + 397
— /@ P+ T8+ 999 +164'%).

The last factor on the right in (6) may be written as the product of two factors, one
of which is L (1 —1/°(p*+ ¢*+ 99+ ¢'%)), and the other,
2GS+ 19T 29) AP 9P (0T 29)
T3R(P+ 397+ 29¢) — e/ (P 28+ 49 + 11¢7),
or, in another form,
AP BS AP

&S —Rp

—159°¢ —49°¢

B Rt MR

— 129 re—E¢9rd &I+ 2)

—HA g IR+ LA (B —dgg + 44"

T &S TR 2 1L =8 g+ 84).
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Hence (6) becomes, on substituting o, a, B, ¥ for the expressions which they represent,
[13] C*=0—o(at+ B+ v+ &P

T plg+2¢) T3 B¢ — 499 +44"7)

— /2P 11— 8¢9+ 8¢%).

Art. 26, p. 41. Derivation of formula [14].

This formula is derived at once by adding formulsee [11], [12], [18]. But, as
Gauss suggests, it may also be derived from [6], p. 38. By priming the ¢’s in [6]
we obtain a series for (¢ + ¢/). Subtracting this series from [6], and noting that
¢—¢+y+a—y¢y=A4+B-+C, we have, correct terms of the fifth degree,

1) A+B+C=a—plg—¢)(f T3/ Pt /" P+ 9 pa+4)
T9°(gt )+ (@ +9g + ¢
—§/P 24+ 299+ 2¢7)).
The second term on the right in (1) may be written
+3ap Q=3 WP FH e T ) 2R =Py T 9)
—9°(@t¢)—h (¢ + 99 + ¢7)
T 9 ),
of which the last factor may be thrown into the form:
(—4r—3r  —3r
—3/p —ifp
—39°¢ —%9°¢
—3/p =3 P
—49pq —89pd +39petq)
~l§2_hoq2 _%bogl2+ 2}&0 (92 _I_ 9/2__ 9,9/)
AN A VAt VAR U St T0) B
Hence, by substituting o, a, B, y for the expressions they represent, (1) becomes
[14] A+B+C=n+oc@Gat+ B+ 1y + Lf"p
T39plgT¢)+ 2R =L/ — 9 + 7))

Art. 27, p. 42. Omitting terms above the second degree, we have

a2=92_zgqr+q127 62=]02+q,2? 02___]02_1_92.

The expressions in the parentheses of the first set of formule for A*, B*, 0%
in Art. 27 may be arranged in the following manner :

@pi—g Hdgd— ¢)=C P+ P+ e) =2 299 + ¢),
(P —2¢°+ 299+ =20+ ="+ —(@— 299+ %),
(P +¢ +2¢¢=2¢)=(—p+¢H+2(pPP+F—(—2¢99 + ¢?).
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Now substituting o? 2% ¢* for (*— 2¢¢" + ¢'%), (PP + ¢'%), (p*+ ¢°) respectively, and
changing the signs of both members of the last two of these equations, we have
@2p'—¢ +4g¢—¢%) =@+i—2a),
—(p* —2¢"+2q¢ + ¢ =(F+c*— 20,
—(p* + ¢ +2¢¢—2¢=(+b*—27).
And replacing the expressions in the parentheses in the first set of formule for

A*, B¥, (% by their equivalents, we get the second set.

1
Art. 27, p. 42. f°=— g5 =0, etc,, may be obtained directly, without the

use of the general considerations of Arts. 25 and 26, in the following way. In the
case of the sphere

ds* = cos? (f%“) “dp*+ dg,
hence

_ 9y _,_ ¢ ¢

n—cos(R—) =1 2—R2—+24R4 etc.,

i. e.,
' 1 1 -
Femaw FTap ST0TT0T0 [Wangerin]

Art. 27, p. 42, 1. 16. This theorem of Legendre is found in the Mémoires (His-
toire) de I'’Academie Royale de Paris, 1787, p. 358, and also in his Trigonometry,
Appendix, § V. He states it as follows in his Trigonometry :

The very shightly curved spherical triangle, whose angles are A, B, C and whose sides
are a, b, ¢, always corresponds to a rectilinear triangle, whose sides a, b, ¢ are of the same
lengths, and whose opposite angles are A — Le, B—Le, C— Le, ¢ being the excess of the
sum of the angles in the given spherical triangle over two right angles.

Art. 28, p. 43, 1. 7. The sides of this triangle are Hohehagen-Brocken, Insel-
berg-Hohehagen, Brocken-Inselberg, and their lengths are about 107, 85, 69 kilometers
respectively, according to Wangerin.

Art. 29, p. 43.  Derivation of the relation between o and o*.

In Art. 28 we found the relation

A¥*=4— {4 0(2a+B+1y).
Therefore

sin A*¥*=gsin 4 cos (572 a+B+1y)) —cos A sin (50 (2a+B+ 7)),

which, after expanding cos (5 0(2a+8+y)) and sin (4,0 (2« +B8+y)) and reject-
ing powers of (y o(2 a +B-+v)) above the first, becomes
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(1) sind*=gsind—cos4d.(502a+B+ 7)),
correct to terms of the fourth degree.

But, since o and o* differ only by terms above the second degree, we may replace
in (1) o by the value of o*, Jbecsin A*. We thus obtain, with equal exactness,
(2) sin A=sin A*(1 + Sy beccos 4. (2a+B+ ).
Substituting this value for sind4 in [9], p. 40, we have, correct to terms of the sixth
degree, the first formula for o given in Art. 29. Since 2b¢cos A%, or 8+ ¢ — o7,
differs from 2 b¢ cos 4 only by terms above the second degree, we may replace 2 b¢ cos 4
in this formula for ¢ by 8+ ¢ —da’. Also o*=1bcsinA*. Hence, if we make
these substitutions in the first formula for o, we obtain the second formula for o
with the same exactness. In the case of a sphere, where a=@B=1, the second
formula for o reduces to the third.

When the surface is spherical, (2) becomes

sin 4 - sin 4% (1 + % becos 4).
And replacing 2b¢cos A4 in this equation by (&*+ ¢*— a?), we have
sind=sin 4* (1 + {—Lz- (8*+ ¢ — a?),
or
2%%= (+ 5@+ ¢ — ).

And likewise we can find

sinB P sinC

snpr - AT @+ E=8), =
Multiplying together the last three equations and rejecting the terms containing of
and o, we have

(1 + 75 (¢ + 22— o).

+ ) sind .sinB .sinC
C = n v . .
sin A*. sin B¥ ., sin O'*

Finally, taking the square root of both members of this equation, we have, with the
same exactness,

c=1+gr@+5+d)=(

1+ 5 (a + 2

sind .sinB .sinC )
sin 4%, sin B*. sin C*/"

The method here used to derive the last formula from the next to the last
formula of Art. 29 is taken from Wangerin.
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NEW GENERAL INVESTIGATIONS

OF

CURVED SURFACES

[18256]

Although the real purpose of this work is the deduction of new theorems con-
cerning its subject, nevertheless we shall first develop what is already known, partly
for the sake of consistency and completeness, and partly because our method of treat-
ment is different from that which has been used heretofore. We shall even begin by
advancing certain properties concerning plane curves from the same principles.

1.

In order to compare in a convenient manner the different directions of straight
lines in a plane with each other, we imagine a circle with unit radius described
in the plane about an arbitrary centre. The position of the radius of this circle,
drawn parallel to a straight line given in advance, represents then the position of that
line. And the angle which two straight lines make with each other is measured by
the angle between the two radii representing them, or by the arc included between
‘their extremities. Of course, where precise definition is necessary, it is specified at
the outset, for every straight line, in what sense it is regarded as drawn. Without
such a distinction the direction of a straight line would always correspond to two
opposite radii.

2.

In the auxiliary circle we take an arbitrary radius as the first, or its terminal
point in the circumference as the origin, and determine the positive sense of measur-
ing the arcs from this point (whether from left to right or the contrary); in the
opposite direction the arcs are regarded then as negative. Thus every direction of a
straight line is expressed in degrees, etc., or also by a number which expresses them
in parts of the radius.
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Such lines as differ in direction by 360°, or by a multiple of 360°, have, there-
fore, precisely the same direction, and may, generally speaking, be regarded as the
same. However, in such cases where the manner of describing a variable angle is
taken into consideration, it may be necessary to distinguish carefully angles differing
by 360°.

If, for example, we have decided to measure the arcs from left to right, and if
to two straight lines /, 7 correspond the two directions L, L/, then L'’— L is the angle
between those two straight lines. And it is easily seen that, since L’ — L falls
between — 180° and -+ 180°, the positive or negative value indicates at once that /
lies on the right or the left of /, as seen from the point of intersection. This will
be determined generally by the sign of sin (L' — L).

If ad’ is a part of a curved line, and if to the tangents at a,d’ correspond
respectively the directions a, @/, by which letters shall be denoted also the corres-
ponding points on the auxiliary circles, and if A, A’ be their distances along the arc
from the origin, then the magnitude of the arc aa’ or A’ —A is called the amplitude
of ad.

The comparison of the amplitude of the arc aa’ with its length gives us the
notion of curvature. Let / be any point on the arc o/, and let N\, A be the same
with reference to it that a, 4 and o/, A’ are with reference to ¢ and «. If now
a)X or A— A be proportional to the part @/ of the arc, then we shall say that ad’ is
uniformly curved throughout its whole length, and we shall call

A—A
al

the measure of curvature, or simply the curvature. We easily see that this happens
only when ad’ is actually the arc of a circle, and that then, according to our defini-

1 .
tion, its curvature will be = — if » denotes the radius. Since we always regard r

as positive, the upper or the lower sign will hold according as the centre lies to the
right or to the left of the arc ad’ (@ being regarded as the initial point, ¢’ as the
end point, and the directions on the auxiliary circle being measured from left to
right). Changing one of these conditions changes the sign, changing two restores it
again.

On the contrary, if A— A be not proportional to @/, then we call the arc non-
uniformly curved and the quotient

A—A4
al
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may then be called its mean curvature. Curvature, on the contrary, always presup-
poses that the point is determined, and is defined as the mean curvature of an element
at this point; it is therefore equal to

aa
dal
We see, therefore, that arc, amplitude, and curvature sustain a similar relation to each
other as time, motion, and velocity, or as volume, mass, and density. The reciprocal
of the curvature, namely,

dal

ﬂ)
is called the radius of curvature at the point /. And, in keeping with the above
conventions, the curve at this point is called concave toward the right and convex
toward the left, if the value of the curvature or of the radius of curvature happens
to be positive; but, if it happens to be negative, the contrary is true.

3.

If we refer the position of a point in the plane to two perpendicular axes of
coordinates to which correspond the directions 0 and 90°, in such a manner that the
first coordinate represents the distance of the point from the second axis, measured in
the direction of the first axis; whereas the second coordinate represents the distance
from the first axis, measured in the direction of the second axis; if, further, the inde-
terminates z, y represent the coordinates of a point on the curved line, s the length
of the line measured from an arbitrary origin to this point, ¢ the direction of the
tangent at this point, and » the radius of curvature; then we shall have

dz=cos ¢ . ds,

dy=sin¢ . ds,
__ds
7‘——%-

If the nature of the curved line is defined by the equation 7= 0, where V" is a
function of 2, y, and if we set
dV=pdz+qdy,
then on the curved line
pdzr+qdy=0.
Hence
poose+gsing=0,
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and therefore

p
t =
an ¢ p
cos ¢ .dp+sing .dg— (psingd—gcosp)ded=0.
If, therefore, we set, according to a well known theorem,
dp=Pdz + Qdy,
dg=0Qdz + Rdy,

We have also

then we have
(P cos® ¢+ 2 Qcos psin g+ Rsin®p)ds = (psind — ¢ cos ) d ¢,

therefore
1 Pcos’p + 2 Qcos ¢sin ¢+ R sin® gb
r psing —gcosg
or, since
q ' * .
S Bk
L1_PP—2Qpgt+Rp
ANCEYE
4.

The ambiguous sign in the last formula might at first seem out of place, but
upon closer consideration it is found to be quite in order. In fact, since this expres-
sion depends simply upon the partial differentials of V, and since the function V itself
merely defines the nature of the curve without at the same time fixing the sense in
which it is supposed to be described, the question, whether the curve is convex
toward the right or left, must remain undetermined until the sense is determined by
some other means. The case is similar in the determination of ¢ by means of the
tangent, to single values of which correspond two angles differing by 180°. The
sense in which the curve is described can be specified in the following different ways.

I. By means of the sign of the change in #. If z increases, then cos ¢ must be
positive. Hence the upper signs will hold if ¢ has a negative value, and the lower
signs if ¢ has a positive value. When # decreases, the contrary is true.

II. By means of the sign of the change in y. If y increases, the upper signs
must be taken when p is positive, the lower when p is negative. The contrary is
true when y decreases.

III. By means of the sign of the value which the function 7 takes for points
not on the curve. Let 8z, 8y be the variations of #, ¥ when we go out from the
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curve toward the right, at right angles to the tangent, that is, in the direction
¢ +90°; and let the length of this normal be 8p. Then, evidently, we have

dz=28p . cos (¢ + 90°),
8y =28p .sin (¢ + 90°),
or
dz=—28p .sing,
dy=+38p.cos¢.
Since now, when 8 p is infinitely small,
dV=p3z+ qdy
= (—psind +¢gcos ) dp
==3pVI(F+q)

and since on the curve itself V7 vanishes, the upper signs will hold if 7, on passing
through the curve from left to right, changes from positive to negative, and the con-
trary. If we combine this with what is said at the end of Art. 2, it follows that the
curve is always convex toward that side on which 7 receives the same sign as
Pg—2Qpg+Rp
For example, if the curve is a circle, and if we set
V=2+yy—d
then we have
p=2z, q=2y,
P =2, Q =0, R =2,
PyFr—2Qpq+Rp =84+ 8+4=28d,
(7 + =8,
r=xaq
and the curve will be convex toward that side for which
&+ > d
as it should be.

The side toward which the curve is convex, or, what is the same thing, the signs
in the above formulee, will remain unchanged by moving along the curve, so long as

5V

op
does not change its sign. Since V is a continuous function, such a change can take
place only when this ratio passes through the value zero. But this necessarily pre-
supposes that p and ¢ become zero at the same time. At such a point the radius
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of curvature becomes infinite or the curvature vanishes. Then, generally speaking,

since here
—psing + geos ¢
will change its sign, we have here a point of inflexion.

5.

The case where the nature of the curve is expressed by setting y equal to a
given function of 2, namely, y =X, is included in the foregoing, if we set

V=X—y.
If we put
dX=X'dz, dX'=X"dez,
then we have
=X, g=-—1,
P=X", @ =0, R=0,
therefore
: 1 X/I
e G

Since ¢ is negative here, the upper sign holds for increasing values of z. We can
therefore say, briefly, that for a positive X’/ the curve is concave toward the same
side toward which the y-axis lies with reference to the z-axis; while for a negative
X" the curve is convex toward this side.

6.

If we regard z, y as functions of s, these formule become still more elegant.
Let us set

dz dz
r7A Y TR
dy dy’
Pl SR et
Then we shall have
z = cos ¢, Yy =sin ¢,
y—_ Sing o COS5¢
r’ r’

or
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or also
1=¢ (x’g/” _y/ .’&‘”),
so that

{E, yll _— yl x/l

1

represents the curvature, and

the radius of curvature.
7.

We shall now proceed to the consideration of curved surfaces. In order to repre-
sent the directions of straight lines in space considered in its three dimensions, we
imagine a sphere of unit radius described about an arbitrary centre. Accordingly, a
point on this sphere will represent the direction of all straight lines parallel to the
radius whose extremity is at this point. As the positions of all points in space
are determined by the perpendicular distances z, y, # from three mutually perpendicu-
lar planes, the directions of the three principal axes, which are normal to these
principal planes, shall be represented on the auxiliary sphere by the three points
(1), (2), (3). These points are, therefore, always 90° apart, and at once indicate the
sense in which the coordinates are supposed to increase. We shall here state several
well known theorems, of which constant use will be made.

1) The angle between two intersecting straight lines is measured by the arc [of
the great circle] between the points on the sphere which represent their directions.

2) The orientation of every plane can be represented on the sphere by means
of the great circle in which the sphere is cut by the plane through the centre parallel
to the first plane.

3) The angle between two planes is equal to the angle between the great cir-
cles which represent their orientations, and is therefore also measured by the angle
between the poles of the great circles.

4) If ,y,2; ',y ', 2’ are the coordinates of two points, » the distance between
them, and L the point on the sphere which represents the direction of the straight
line drawn from the first point to the second, then

¥ =+ rcos(l)L,
¥ =y + recos(2)L,
2 =z + rcos(3)L.
5) It follows immediately from this that we always have
008% (1)L + cos*(2)L + cos*(3)L =1
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[and] also, if L’ is any other point on the sphere,
cos(1)L . cos(1)L’ + cos(2)L . cos(2)L' + cos(3)L . cos(3)L = cos LL'.

We shall add here another theorem, which has appeared nowhere else, as far as
we know, and which can often be used with advantage.

Let L, L', L", L' be four points on the sphere, and A the angle which LZL"
and L’ L"” make at their point of intersection. [Then we have]

cos LL .cos /I —cos LI .cos /L' =sin LL'" .sin I/ L' . cos A.

The proof is easily obtained in the following way. Let
AL=t, AL'={¢, AL'=1¢", ALV =",

we have then
cos LL’ =cost cost —+sinf{ sin? cos A,
cos L' L' = cos "’ cos #’" + sin ¢’ sin ¢/’ cos 4,
cos LL" cos? cost” +sint sin#’ cos 4,
cos L' L' = cost’ cost'” + sint' sin#"” cos A.

I

Therefore

cos LL' cos L' L' — cos LL" cos L' L"
= cos 4 {cos? cos ¢’ sin#” sin#"”’ + cos ¢ cos ¢’’’ sin¢ sin ¢/

— cos ¢ cos ¢ sin¢’ sin#"”" — cos ¢ cos #'” sin# sin ¢’}
= cos A (cos ¢ sin " — cos ¢’ sin¢) (cos ¢’ sin¢"” — cos ¢ sin?’)
= cos 4 sin (""" —¢) sin (#' — ¢)
= cos 4 sin LL" sin L' L.

Since each of the two great circles goes out from A in two opposite directions,
two supplementary angles are formed at this point. But it is seen from our analysis
that those branches must be chosen, which go in the same sense from Z toward Z'”
and from L’ toward L'.

Instead of the angle A, we can take also the distance of the pole of the great
circle LZL" from the pole of the great circle L’ L”. However, since every great circle
has two poles, we see that we must join those about which the great circles run in
the same sense from L toward L"’ and from L’ toward L', respectively.

The development of the special case, where one or both of the arcs L L' and
L' L' are 90°, we leave to the reader.

6) Another useful theorem is obtained from the following analysis. Let Z, L/,
L" be three points upon the sphere and put
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cosL 1)=2, cosL (2)=y, cosL (3)=g,
cos I/ (1)=4/, cosL (2)=y, cosL (3)=¢,
cos L"(1)= 2", cos L"(2)=yg", cos L' (3)=2¢".

We assume that the points are so arranged that they run around the triangle
included by them in the same sense as the points (1), (2), (3). TFurther, let N be
that pole of the great circle L’ L"” which lies on the same side as L. We then have,
from the above lemma,

gy —2 y'=sin L/ L. cos \(1),
Z— o =sin L' L' . cos \(2),
¥y’ —y & =sin L' L" . cos \(3).

Therefor'e, if we multiply these equations by =z, y, # respectively, and add the pro-
ducts, we obtain

vy +ay'e+adyd —wy'd —dyd — oy e=sinL/L". cos \ L,

wherefore, we can write also, according to well known principles of spherical trigo-
nometry,
sin I/ L" . sin L L. sin I/
=gin /L' .sin LL . sin L
=gin I/ L" . sin L' I”" . sin L,
if L, L', L' denote the three angles of the spherical triangle. At the same time we

easily see that this value is one-sixth of the pyramid whose angular points are the
centre of the sphere and the three points L, L/, L” (and indeed positive, if ete.).

8.

The nature of a curved surface is defined by an equation between the coordinates
of its points, which we represent by

S (®y,2)=0.
Let the total differential of f (z, 7, 2) be
Pdz+ Qdy + Rdz,

where P, @, R are functions of @, y, 2. We shall always distinguish two sides of the
surface, one of which we shall call the upper, and the other the lower. Generally
speaking, on passing through the surface the value of /' changes its sign, so that, as
long as the continuity is not interrupted, the values are positive on one side and nega-
tive on the other.
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The direction of the normal to the surface toward that side which we regard as
the upper side is represented upon the auxiliary sphere by the point L. Let
cos L(1) =X, cos L(2) =7, cos L(3) =Z.
Also let ds denote an infinitely small line upon the surface; and, as its direction is
denoted by the point A on the sphere, let
cos AM(1) = §, cos M(2) =, cos M(3) = ¢.
We then have
dz = £ds, dy =mnds, de = {ds,
therefore
PE+Q@n+RL=0,
and, since A L must be equal to 90°, we have also
XéE+Ynp+Z7=0.
Since P, @, R, X, Y, Z depend only on the position of the surface on which we take
the element, and since these equations hold for every direction of the element on the
surface, it is easily seen that P, @, B must be proportional to X, ¥, Z. Therefore

P=Xup, Q =X, R=2Zp,

X+ Y+ 2t =1;
p=PX+QY+RZ

Therefore, since

and
[L2=P2+ Qz_I_Rz’
or
p= =V (P*+ @*+ R?.

If we go out from the surface, in the direction of the normal, a distance equal to

the element 8p, then we shall have
dz=X3dp, 8y =7Ydp, 82=2Z38p
and
8f=Pdz+ Q8y + Rdz=pdp.

We see, therefore, how the sign of p depends on the change of sign of the value of
Jf in passing from the lower to the upper side.

9.

Let us cut the curved surface by a plane through the point to which our nota-
tion refers; then we obtain a plane curve of which ds is an element, in connection
with which we shall retain the above notation. We shall regard as the upper side of
the plane that one on which the normal to the curved surface lies. Upon this plane
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we erect a normal whose direction is expressed by the point & of the auxiliary
sphere. By moving along the curved line, N and L will therefore change their posi-
tions, while € remains constant, and ML and X & are always equal to 90°. Therefore
N describes the great circle one of whose poles is &. The element of this great circle

will be equal to %—8, if » denotes the radius of curvature of the curve. And again,

if we denote the direction of this element upon the sphere by N/, then A\ will evi-
dently lie in the same great circle and be 90° from A as well as from & If we
now set

cos M'(1) = ¢/, cos N'(2) =/, cosM'(3) ={,
then we shall have
‘ ds ds ds
d§=f’7; dn=7)/77 d§=cl77

since, in fact, & %, { are merely the coordinates of the point A referred to the centre
of the sphere.

Since by the solution of the equation f(z, y, 2) =0 the coordinate z may be
expressed in the form of a function of #, y, we shall, for greater simplicity, assume
that this has been done and that we have found

z=1F(z,y).
We can then write as the equation of the surface
z—F(z,9)=0,
or
S (#,y,2) =2—F(2,9).
From this follows, if we set
dF (z,y)=tdz+ udy,
P=—t, Q=—u, R=1,
where ¢, w are merely functions of z and y. We set also
dt =Tdz +Udy, du=Udz+Vdy.
Therefore upon the whole surface we have
de=tdz +udy

and therefore, on the curve,
{=téE+ un.
Hence differentiation gives, on substituting the above values for d¢, dv, d{,
d
W —t&—un) = =¢di+ndu
= (ET+ 2&nU+ 9*V)ds,
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or
1_§2T+ 2€&nU+ "V
ro —Et—p Tt
_Z(ET+2EqU+9*T)
STXET VY T ZT
Z(E T+ 2 EqU+ V)
o cos L\

10.

Before we further transform the expression just found, we will make a few
remarks about it.

A normal to a curve in its plane corresponds to two directions upon the sphere,
according as we draw it on the one or the other side of the curve. The one direc-
tion, toward which the curve is concave, is denoted by M\’, the other by the opposite
point on the sphere. Both these points, like L and &, are 90° from A, and there-
fore lie in a great circle. And since ¥ is also 90° from \, &L = 90° — L)/, or
=L\ — 90°. Therefore

cos LN = = sin &L,

where sin &L is necessarily positive. Since » is regarded as positive in our analysis,
the sign of cos LN’ will be the same as that of

Z(ET+2EqU+ g2 7).

And therefore a positive value of this last expression means that L\ is less than
90°, or that the curve is concave toward the side on which lies the projection of the
normal to the surface upon the plane. A negative value, on the contrary, shows that
the curve is convex toward this side. Therefore, in general, we may set also

1_Z(§2T+2§1}U+ 27
r sin & L ’

if we regard the radius of curvature as positive in the first case, and negative in
the second. QL is here the angle which our cutting plane makes with the plane
tangent to the curved surface, and we see that in the different cutting planes passed
through the same point and the same tangent the radii of curvature are proportional
to the sine of the inclination. Because of this simple relation, we shall limit our-
selves hereafter to the case where this angle is a right angle, and where the cutting
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plane, therefore, is passed through the normal of the curved surface. Hence we have
for the radius of curvature the simple formula

1
S=Z(E T+ 269U+ V).

11.

Since an infinite number of planes may be passed through this normal, it follows
that there may be infinitely many different values of the radius of curvature. In this
case T,.U, V, Z are regarded as constant, & », { as variable. In order to make the
latter depend upon a single variable, we take two fixed points M, M" 90° apart on the
great circle whose pole is L. Let their coordinates referred to the centre of the sphere
be a, B, v; o/, B,%. We have then

cos M(1) =cos NM . cos M(1) + cos \M" . cos M'(1) + cos AL . cos L(1).
If we set

ANM = ¢,
then we have

cos N M’ = sin ¢,
and the formula becomes
€= acos ¢+ o sin @,

n =R cos ¢+ B sin ¢,
{ =1 cos¢+ v sin ¢.

and likewise

Therefore, if we set
A= (T+ 2aBU+BV)Z,
B=(adT+ (/B+ aB)YU+BRV)Z,
C=(*T+2dBU+B*V)Z,
we shall have

=4 cos’¢p + 2 B cos psin ¢ + Csin’¢p

A+0C A—C
=—g— T —50s2¢+Bsin2¢.

If we put
-4—2_—-—q= Fcos20,

B=Esin 26,
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where we may assume that £ has the same sign as —5— then we have

;=7(A+0) +Ecos2(d—0).

It is evident that ¢ demotes the angle between the cutting plane and another plane
through this normal and that tangent which corresponds to the direction M. Evidently,
therefore,%takes its greatest (absolute) value, or » its smallest, when ¢ = 6; and %ﬁ
its smallest absolute value, when ¢ = @ + 90°. Therefore the greatest and the least
curvatures occur in two planes perpendicular to each other. Ience these extreme

1
values for - are

sa+o)=J{ (459 +5}-

Their sum is A + € and their product is A ¢ — B? or the product of the two extreme
radii of curvature is

1

T AC—B*
This product, which is of great importance, merits a more rigorous development.
In fact, from formulse above we find

AC—B*= (afff — B (TV—U*Z2
But from the third formula in [Theorem] 6, Art. 7, we easily infer that

a’B, - Ba" = iZ’
therefore
AC—B*=Z*(TV—-U?.
Besides, from Art. 8,

Z==x el
T T VP @R
1
SEVAT AT &)
therefore
TV—Ur
AC—B'=grarap

Just as to each point on the curved surface corresponds a particular point Z on
the auxiliary sphere, by means of the normal erected at this point and the radius of
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the auxiliary sphere parallel to the normal, so the aggregate of the points on the
auxiliary sphere, which correspond to all the points of a Zine on the curved surface,
forms a line which will correspond to the line on the curved surface. And, likewise,
to every finite figure on the curved surface will correspond a finite figure on the
auxiliary sphere, the area of which upon the latter shall be regarded as the measure
of the amplitude of the former. We shall either regard this area as a number, in
which case the square of the radius of the auxiliary sphere is the unit, or else
express it in degrees, etc., setting the area of the hemisphere equal to 360°.

- The comparison of the area upon the curved surface with the corresponding
amplitude leads to the idea of what we call the measure of curvature of the sur-
face. If the former is proportional to the latter, the curvature is called uniform;
and the quotient, when we divide the amplitude by the surface, is called the measure
of curvature. This is the case when the curved surface is a sphere, and the measure
of curvature is then a fraction whose numerator is unity and whose denominator is
" the square of the radius.

We shall regard the measure of curvature as positive, if the boundaries of the
figures upon the curved surface and upon the auxiliary sphere run in the same sense;
as negative, if the boundaries enclose the figures in contrary senses. If they are not
proportional, the surface is non-uniformily curved. And at each point there exists a
particular measure of curvature, which is obtained from the comparison of correspond-
ing infinitesimal parts upon the curved surface and the auxiliary sphere. Let do be
a surface element on the former, and d= the corresponding element upon the auxiliary
sphere, then

as

4o
will be the measure of curvature at this point.

In order to determine their boundaries, we first project both upon the zy-plane.
The magnitudes of these projections are Zdo, Zd3. The sign of Z will show whether
the boundaries run in the same sense or in contrary senses around the surfaces and
their projections. We will suppose that the figure is a triangle; the projection upon
the zy-plane has the coordinates

Y ; r+do,y+dy; x+ 8z, y+ dy.
Hence its double area will be
2Zdo=dxz.8y—dy.da.

To the projection of the corresponding element upon. the sphere will correspond the
coordinates :
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X, Y,
0 X 0X oY oY
X+-‘ dzx + —— 3y “dy, Y+”a';'dx+—a‘?'dy,
0
X+-—- 8z + - X 3y, Y+ 3w+—— dy.

From this the double area of the element is found to be

2za3= (G dx—i—a—;-(— ay) (3 8x+—— 57)

_(aX aX

—8;-805 Sy)(ay olw-l——— dy)

0X ¥ aX 0¥
= ax-ay—ay'ax)(dw.Sy—dy.Bx).

The measure of curvature is, therefore,

90X oY X a¥
~ox oy oy ow

== w.

Since
X_'—_.-——-ZZ, Y=_uZ,
1+2+u)Z2?=1,
we have
AdX=—2Z1+uv’dt+2Z%tu . du,
dY =+2Z%u . dt —2Z°(1+ ) du,
therefore
2 oY
%=Z3§—-(1+u2)T+tuU}7 5y =2 {tu T—(1+£)U},
aX ) aY
Sy —LI— 1A+ ary, 2y 2t U= (A+E)V,
and

0=2(TV—U%((1+£)(1+w)—£u?)
=ZN(TV—U%(1+ 2+ &)
=Z4(TV—TU")
_TV—U
~TFFF oy

the very same expression which we have found at the end of the preceding article.
Therefore we see that
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“The measure of curvature is always expressed by means of a fraction whose
numerator is unity and whose denominator is the product of the maximum
and minimum radii of curvature in the planes passing through the normal.”

12.

We will now investigate the nature of shortest lines upon curved surfaces. The
nature of a curved line in space is determined, in general, in such a way that the
coordinates 2, y, # of each point are regarded as functions of a single variable, which
we shall call w. The length of the curve, measured from an arbitrary origin to this
point, is then equal to

INUG) + @)+ (@) | an

If we allow the curve to change its position by an infinitely small variation, the varia-
tion of the whole length will then be

d” d8x+:§y d8y+—gi 482 g:-sx+%-8g+g—2-az
= 2 2 2
\f{ st @ G (@)
@_ 49
— dx.d- 5 o 2 +0y.d dw
f @)+ G+ () NG+ )+ (G2) )
dz
+ 8z.d dw

dz\* (dy\* (dz\*
\/{(W) + () + (Z) }‘
The expression under the integral sign must vanish in the case of a minimum, as we
know. Since the curved line lies upon a given curved surface whose equation is
Pdz+ Qdy +Rdz=0,
the equation between the variations 8z, 8y, 8z
Pdz+Qéy+Rdz2=0

must also hold. From this, by means of well known principles, we easily conclude
that the differentials
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NE @y @Y T @)y

d.
dz\* (dy\* (dz 2}
VA G) + (@) + ()
must be proportional to the quantities P, @, R respectively. If ds is an element of
the curve; N the point upon the auxiliary sphere, which represents the direction of
this element; L the point giving the direction of the normal as above; and &, %, {;
X, Y, Z the coordinates of the points A\, L referred to the centre of the auxiliary
sphere, then we have
dv=¢Eds, dy =nds, dz=1{ds,

E+n+ (=1

Therefore we see that the above differentials will be equal to d§, dn, d{. And since

P, @, R are proportional to the quantities X, ¥, Z, the character of the shortest line
is such that

dé_dn _d{
X7 7
13.

To every point of a curved line upon a curved surface there correspond two
points on the sphere, according to our point of view; namely, the point N, which
represents the direction of the linear element, and the point Z, which represents the
direction of the normal to the surface. The two are evidently 90° apart. In our
former investigation (Art. 9), where [we] supposed the curved line to lie in a plane,
we had Zwo other points upon the sphere; namely, £, which represents the direction
of the normal to the plane, and N, which represents the direction of the mnormal to
the element of the curve in the plane. In this case, therefore, & was a fixed point
and N\, M’ were always in a great circle whose pole was €. In generalizing these
considerations, we shall retain the notation £, A/, but we must define the meaning of
these symbols from a more general point of view. When the curve s is described,
the points L, N also describe curved lines upon the auxiliary sphere, which, gener-
ally speaking, are no longer great circles. Parallel to the element of the second line,
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we draw a radius of the auxiliary sphere to the point A/, but instead of this point
we take the point opposite when N’ is more than 90° from Z. In the first case, we
regard the element at A as positive, and in the other as negative. Finally, let & be
the point on the auxiliary sphere, which is 90° from both X and N, and which is so
taken that N\, A/, & lie in the same order as (1), (2), (3).

The coordinates of the four points of the auxiliary sphere, referred to its centre,
are for

L X Y Z
A § 7 (
x/ g/ T’/ C/
Y a B

Hence each of these 4 points describes a line upon the auxiliary sphere, whose elements
we shall express by dZ, d\, d)\, d® We have, therefore,
dé=¢Ed,
dn=n'd\,
d{=1{dN\.
In an analogous way we now call
a
ds
the measure of curvature of the curved line upon the curved surface, and its reciprocal

ds
dx
the radius of curvature. If we denote the latter by p, then
pdE=&ds,
pdn=n1'ds,
pdl{=1{ds.
If, therefore, our line be a shortest line, &, %', {’ must be proportional to the
quantities X, ¥, Z. But, since at the same time
EI2 + 17/2 _,I_ €12:X2+ Y2 +Z2.._____ 1’
we have
g==X, y==x¥, [==7,
and since, further,
EX+ WY+ U Z=cos\NL
=x(X*"+1Y*+2%

= =1,
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and since we always choose the point N\’ so that

N L <90°,
then for the shortest line
NL=0,
or M and L must coincide. Therefore
pdé=Xds,
pdn=Y ds,
pdl==2Zds,

and we have here, instead of 4 curved lines upon the auxiliary sphere, only 3 to con-
sider. Every element of the second line is therefore to be regarded as lying in the
great circle LX. And the positive or negative value of p refers to the concavity
or the convexity of the curve in the direction of the normal.

14.

We shall now investigate the spherical angle upon the auxiliary sphere, which
the great circle going from L toward A makes with that one going from Z toward
one of the fixed points (1), (2), (3); e. g., toward (8). In order to have something
definite here, we shall consider the sense from Z(3) to L\ the same as that in which
(1), (2), and (3) lie. If we call this angle ¢, then it follows from the theorem of Art.
7 that

sin Z(3) . sin L\ . sin¢p =Y & —Xn,
or, since LA = 90° and
sin L)=v (X?+ 1Y) =v(1— 2%,

we have
. Yé—Xny

S CES O N

Furthermore,
sin Z(3) . sin L\ . cos ¢ = ¢,

or

008 = e

V(X*+T7)

and '
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Hence we have )
d¢= (YdE—LXdn—(VE—Xn)dl+ ELdY—n{dX
(Yé—Xq)+
The denominator of this expression is
=Y —2XYVép+ X2+ (2
——(XE+ Ty + (X I (€ + ) + [°
=—272'+(1—-Z51—-+ ¢
=1— 27

" {Vag— X dy+ (Xn—VE) dl— L iX+ELLY
ié= 1—27° '

We verify readily by expansion the identical equation
n{(XP+ Y +Z27)+YZ(E+ '+ P
= (XE+ Yy +20)(Zn+YE) + (XL~ ZE)(Xn—Y§)
and likewise
X+ T+ ZY)+XZ(E2+ 7"+ [P
=(XE+ Y +Z0)(X{+28) + (YE—Xn) (Y{—2Zn).
We have, therefore,
nl=—YZ+(X{—2€)(Xn—Y¢),
§l=—XZ+ (Yé—Xn)(Y{—2Zn).
Substituting these values, we obtain
LY dE— X dy
1—-27*

Z
d(f)zl—:ZZ—(YdX—'XdY)‘l‘

_}_Xn—“Yf

Now
XdX+YdY+ZdZ=0,
EdX +ndY +{dZ =—Xdé—Ydn—ZdL.
On substituting we obtain, instead of what stands in the parenthesis,
dl—Z(XdE+Y dy+ZdY).
Hence

d
d4):1—_z—"z‘-2‘(YdX—XdY)+—1_LZ2 (Y —nXPZ+EXYZY

—T@Zﬂcx XYV Z—EVT)

+dl(nX—E€Y).

gz 10— (XL~ ZE)dX—(Y{—Zn)dY}.

101
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Since, further,
WX Z—EXYZ=n X Z+0WY'Z+ZYZ
=0Z(1—2Z% +{YZ?
W XY Z—EY' Z=—§¢EXZ—(XZP—EY*Z
——£2(1—-2)— (X 2",
our whole expression becomes
d¢ = Z22 (YdX—XdY)

+(§Y—nZ)df+(£Z (X)dn+(nX—EY)dl

15.

The formula just found is true in general, whatever be the nature of the curve.
But if this be a shortest line, then it is clear that the last three terms destroy each

other, and consequently

d¢ =— 1ZZ2(XdY YdXx).

But we see at once that
Z
T2z (

is nothing but the area of the part of the auxiliary sphere, which is formed between
the element of the line L, the two great circles drawn through its extremities and

XdY—YdX)

)
+
PP
(2) PP (1) (2) PF (7) (2) (7)
(3) -
£ Pz

(3), and the element thus intercepted on the great circle through (1) and (2). This
surface is considered positive, if L and (3) lie on the same side of (1) (2), and if the
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direction from P to P’ is the same as that from (2) to (1); negative, if the contrary
of one of these conditions hold; positive again, if the contrary of both conditions be
true. In other words, the surface is considered positive if we go around the circum-
ference of the figure LL'P'P in the same sense as (1) (2) (3); negative, if we go
in the contrary sense.

If we consider now a finite part of the line from L to L’ and denote by ¢, ¢
the values of the angles at the two extremities, then we have

¢ = ¢+ Area LL' P' P,

the sign of the area being taken as explained.

Now let us assume further that, from the origin upon the curved surface, infinitely
many other shortest lines go out, and denote by A that indefinite angle which the
first element, moving counter-clockwise, makes with the first element of the first line;
and through the other extremities of the different curved lines let a curved line be drawn,
concerning which, first of all, we leave it undecided whether it be a shortest line or
not. If we suppose also that those indefinite values, which

for the first line were ¢, ¢’, be denoted by ¢, ¢/ for each of 4
these lines, then / —+ is capable of being represented in
the same manner on the auxiliary sphere by the space &
LL' P P. Since evidently yy=¢ —A4, the space &
LI P\ PLL=y—y—¢+¢ '
=y —¢' +4
=LIL,IL+LL PP P Pr

If the bounding line is also a shortest line, and, when prolonged, makes with
LI/, LI/, the angles B, B,; if, further, x, x, denote the same at the points L', L/,
that ¢ did at L in the line LZ', then we have

x,=xt Area L' I, P"\ P,
W — ¢ +A=LL L L+x—x;
but
¢’ =x*B,
¥ =x,TB,,
therefore
B—B+A=LL LL.

The angles of the triangle L' L', evidently are
4, 180° —B, B,
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therefore their sum is
180° +L L' L' L.

The form of the proof will require some modification and explanation, if the point
(3) falls within the triangle. But, in general, we conclude

“The sum of the three angles of a triangle, which is formed of shortest lines
upon an arbitrary curved surface, is equal to the sum of 180° and the area of
the triangle upon the anxiliary sphere, the boundary of which is formed by the
points L, corresponding to the points in the boundary of the original triangle,
and in such a manner that the area of the triangle may be regarded as positive
or negative according as it is inclosed by its boundary in the same sense as
the original figure or the contrary.”

Wherefore we easily conclude also that the sum of all the angles of a polygon
of n sides, which are shortest lines upon the curved surface, is [equal to] the sum
of (n—2) 180° + the area of the polygon upon the sphere etec.

16.

If one curved surface can be completely developed upon another surface, then all
lines upon the first surface will evidently retain their magnitudes after the develop-
ment upon the other surface; likewise the angles which are formed by the intersec-
tion of two lines. Evidently, therefore, such lines also as are shortest lines upon
one surface remain shortest lines after the development. Whence, if to any arbi-
trary polygon formed of shortest lines, while it is upon the first surface, there cor-
responds the figure of the zeniths upon the auxiliary sphere, the area of which is
4, and if, on the other hand, there corresponds to the same polygon, after its devel-
opment upon another surface, a figure of the zeniths upon the auxiliary sphere, the
area of which is 4’, it follows at once that in every case

A=4".

Although this proof originally presupposes the boundaries of the figures to be short-
est lines, still it is easily seen that it holds generally, whatever the boundary may be.
For, in fact, if the theorem is independent of the number of sides, nothing will pre-
vent us from imagining for every polygon, of which some or all of its sides are not
shortest lines, another of infinitely many sides all of which are shortest lines.

Further, it is clear that every figure retains also its area after the transformation
by development.



NEW GENERAL INVESTIGATIONS OF CURVED SURFACES [1825] 105

We shall here consider 4 figures:

1) an arbitrary figure upon the first surface,

2) the figure on the auxiliary sphere, which corresponds to the zeniths of the
previous figure,

3) the figure upon the second surface, which No. 1 forms by the development,

4) the figure upon the auxiliary sphere, which corresponds to the zeniths of
No. 3.

Therefore, according to what we have proved, 2 and 4 have equal areas, as also
1 and 3. Since we assume these figures infinitely small, the quotient obtained by
dividing 2 by 1 is the measure of curvature of the first curved surface at this point,
and likewise the quotient obtained by dividing 4 by 3, that of the second surface.
From this follows the important theorem :
“In the transformation of surfaces by development the measure of curvature
at every point remains unchanged.”
This is true, therefore, of the product of the greatest and smallest radii of curvature.
In the case of the plane, the measure of curvature is evidently everywhere zero.
Whence follows therefore the important theorem :
“For all surfaces developable upon a plane the measure of curvature every-
where vanishes,”’
or

Pz (Pz\(Pz
(axay) ~ (520 (@f) =0,
which criterion is elsewhere derived from other principles, though, as it seems to us,

not with the desired rigor. It is clear that in all such surfaces the zeniths of all
points can not fill out any space, and therefore they must all lie in a line.

17.

From a given point on a curved surface we shall let an infinite number of shortest
lines go out, which shall be distinguished from one another by the angle which their
first elements make with the first element of a definite shortest line. This angle we
shall call 8. Further, let s be the length [measured from the given point] of a part
of such a shortest line, and let its extremity have the coordinates z, y, 2. Since 0
and s, therefore, belong to a perfectly definite point on the curved surface, we can
regard z, y, # as functions of § and s. The direction of the element of s corresponds
to the point A on the sphere, whose coordinates are & n, {. Thus we shall have
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0z 0 y oz

£=755 ARFTY L=5
The extremities of all shortest lines of equal lengths s correspond to a curved
line whose length we may call . We can evidently consider ¢ as a function of s and

0, and if the direction of the element of ¢ corresponds upon the sphere to the point A/
whose coordinates are &', v/, {, we shall have

ot 3w at oy
£°%07%0 G0 o T AT
Consequently

) , ~0l 0% 3z 3y dy 9z 0z
E&" T+ L) g=5 3013, 30" 35 30

This magnitude we shall denote by u, which itself, therefore, will be a function of 8 and s.
We find, then, if we differentiate with respect to s,

2
ou Pz oz Py oy *z 0z a{(as) + (gi/) + (as) }

— . 1

os 0§ 80+as 00 " os® 80+2 00
_Pr 0w Ty oy Tz 02

T 0s® 00 " 9sF 00 " o5 80

G+ G+ ) =2

and therefore its differential is equal to zero.

But since all points [belonging] to one constant value of 6 lie on a shortest line,
if we denote by L the zenith of the point to which s, 6 correspond and by X, ¥, Z
the coordinates of L, [from the last formulee of Art. 137,

because

P X dy Y F#z _Z
st p’ s p’ o8 p
if p is the radius of curvature. We have, therefore,
au

/ !
But
XE&+Yn+Z{=cos LN =0,
because, evidently, N’ lies on the great circle whose pole is L. Therefore we have
ou

a5
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or u independent of s, and therefore a function of 6 alone. But for s=0, it is evi-

ot
dent that =0, Y 0, and therefore # =0. Whence we conclude that, in general,

w=20, or
cos AN = 0.
From this follows the beautiful theorem :
“If all lines drawn from a point on the curved surface are shortest lines of
equal lengths, they meet the line which joins their extremities everywhere at
right angles.” :

We can show in a similar manner that, if upon the curved surface any curved
line whatever is given, and if we suppose drawn from every point of this line toward
the same side of it and at right angles to it only shortest lines of equal lengths, the
extremities of which are joined by a line, this line will be cut at right angles by
thoge lines in all its points. We need only let § in the above development represent
the length of the given curved line from an arbitrary point, and then the above calcu-
lations retain their validity, except that « =0 for s =0 is now contained in the
hypothesis.

18.
The relations arising from these constructions deserve to be developed still more

ot
fully. We have, in the first place, if, for brevity, we write m for 70
ox oy 9z

(1) a_g’__g? é—sz"b 5_‘9—_"{9
(2) %:7nfl> %——‘mn’, g—;=m§’,
(3) e +q9 +¢ =1,
(4) £ _I_,n/2_|_ e =1,
() EE + '+ L =0.
Furthermore,
(6) X* +¥Y +Z =1,
(7 X¢éE+Yy +27ZL =0,
(8) X¢&+Yy+2Z¢ =0,
and
X={n"—n,
[9] { Y=§CI_C§’)
Z=n&—§&y';
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§'=nZ—107,
[10] '=(X—£2Z,
=¢r—
E=YU — Zr,
[11] { n=Z¢&— X,
(=Xy—Y¢.
o€ on 0
Likewise, 5%7 a—Z: a—g are proportional to X, Y, Z, and if we set
o€ on 2{
7s X =rY, 5i=p4,

1
where P denotes the radius of curvature of the line s, then

pr§+Y +z£

By differentiating (7) with respect to s, we obtain

oY 07
P fas t 83+€as
o0&’ o /
We can easily show that 6 ) az ) %— also are proportional to X, ¥, Z. In fact,
[from 10] the values of these quantities are also [equal to]
0Z oY oY 0X
"as"cas Las fas §238_-7788
therefore
2t _om (YooY XaX
Yas _X_B;__C( 0s )+ 0s (Y7’+Xf)
' XoX+ Ya Y—I— ZoZ
——¢( - )+ (Xf+Yn+ZQ
=0,
and likewise the others. We set, therefore,
o€’ on’ oL’
s PX gy =rth o =ra

whence

r= i\/ { (aai))u (aaz,)z"' (aai,)z}
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and also

, 85 C’

! 0 0
= +¥ ’7 +7%
Further [we obtain], from the result obtamed by dlﬁ’erentlating (8),
0o X oY 07
_pl f— fl _l_ 7’ _é_s_ _I_ cl
But we can derive two other expressions for this. We have
om¢ 9§ omn _ on 8m§’_%]
os 00 os o0 as 8@
therefore [because of (8)]

_ € oL

[and therefore, from (7),]

oY
—mp' = fao 1759 +‘: ae

After these preliminaries [using (2) and (4)] we shall now first put m in the form
m= f’ 0+n 50 +C’ao,

and differentiating with respect to s, we have®

om _ dx a§'+ag an’ +az 14
os 20 os 20 as ' 20 os.
2 82 22

+§,85.80+n,83.80+clc’53.80
=mp (f’X-I—n Y+{27)
f ,0¢
+f' +C ao
* It is betfer to differentiate m’. [In fact from (2) and (4)
oz\: . (9\®, (92\*
=55 + o) + (55)
om _ox dzx | 0y dy G
"os 90 aaas+aa aaas+aa 200s

=m§’a§+ mn —I—ml’ Z_:

therefore
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If we differentiate again with respect to s, and notice that

¢ 9(pX
5530 (ga ) ete,
and that
X¢E+Yy+Zi' =0,
we have
*m

Fran (5 ao T ae +§' ae)+f’ (Xag+yae+zag)

—]0(5 Y + 7' 80 +€/80)+m]0,2

=_(§ as +"aaf+l 38)(5/ o6 T 80 +C Zg)
+(58X+’7%+C as)(f a()+’7%g+€aa)

(9_1’,?5___@3_?) (9Z3X_ azg_{_) (gg_ax 31’)
00 2s os o0 20 os os 00 50 35 a5 9017
[But if the surface element

mdsdl

belonging to the point #, y, # be represented upon the auxiliary sphere of unit radius
by means of parallel normals, then there corresponds to it an area whose magnitude is

{X(aY 0Z Y 07 0Z 02X azaX) (PJX oY oX E)Y) }dsdﬂ

as 00 80 os s 00 00 os 2s 00 90 as.

Consequently, the measure of curvature at the point under consideration is equal to

. 1 azm.]
m 0s*

)G
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NOTES.

The parts enclosed in brackets are additions of the editor of the German edition
or of the translators.

“The foregoing fragment, Neue allgemeine Untersuchungen iiber die krummen Flichen,
differs from the Disquisitiones not only in the more limited scope of the matter, but
also in the method of treatment and the arrangement of the theorems. There [paper
of 1827] Gtauss assumes that the rectangular coordinates @, y, z of a point of the sur-
face can be expressed as functions of any two independent variables p and ¢, while
here [paper of 1825] he chooses as new variables the geodesic coordinates s and .
Here [paper of 1825] he begins by proving the theorem, that the sum of the three
angles of a triangle, which is formed by shortest lines upon an arbitrary curved surface,
differs from 180° by the area of the triangle, which corresponds to it in the represen-
tation by means of parallel normals upon the auxiliary sphere of unit radius. From
this, by means of simple geometrical considerations, he derives the fundamental theo-
rem, that “in the transformation of surfaces by bending, the measure of curvature at
every point remains unchanged.” But there [paper of 1827] he first shows, in Art.
11, that the measure of curvature can be expressed simply by means of the three
quantities £, F, ¢, and their derivatives with respect to p and ¢, from which follows
the theorem concerning the invariant property of the measure of curvature as a corol-
lary ; and only much later, in Art. 20, quite independently of this, does he prove the
theorem concerning the sum of the angles of a geodesic triangle.”

Remark by Stéckel, Gauss’s Works, vol. vim, p. 443.

Art. 3,p. 84, 1. 9. cos’¢, etc., is used here where the German text has cos ¢?
ete.

Art. 3, p. 84,1. 13. p? etc., is used here where the German text has pp, ete.

Art. 7, p. 89, 1. 13, 21. Since ML is less than 90°, cos AL is always positive
and, therefore, the algebraic sign of the expression for the volume of this pyramid
depends upon that of sin Z’L”. Hence it is positive, zero, or negative according as
the arc L' L" is less than, equal to, or greater than 180°.

Art. 7, p. 89, 1. 14-21. As is seen from the paper of 1827 (see page 6), Gauss
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corrected this statement. To be correct it should read: for which we can write also,
according to well known principles of spherical trigonometry,

sin LL .sin I/ . sin I/ L =sin I/ L . sin I . sin L' L=sin L' L. sin L . sin LL',
if L, L/, L' denote the three angles of the spherical triangle, where L is the angle
measured from the arc LL"” to LIL',and so for the other angles. At the same time
we easily see that this value is one-sixth of the pyramid whose angular points are
the centre of the sphere and the three points Z, L/, L' ; and this pyramid is positive
when the points L, L/, L are arranged in the same order about this triangle as the
points (1), (2), (3) about the triangle (1) (2) (3). )

Art. 8, p. 90, L. 7 fr. bot. In the German text ¥ stands for f in this equation
and in the next line but one.

Art. 11, p. 93, 1. 8 fr. bot. In the German text, in the expression for B, (a8 + a ')
stands for (o/ B+ af). )

Art. 11, p. 94, 1. 17. The vertices of the triangle are M, M, (3), whose coor-
dinates are a, B8, v; o/, B, v'; 0, 0, 1, respectively. The pole of the arc M M’ on
the same side as (3) is Z, whose coordinates are X, ¥, Z. Now applying the formula
on page 89, line 10,

'y’ — y' 2" = sin L' L cos A\(3),
to this triangle, we obtain
aB — Ba' = sin MM cos L(3)
or, since
MM =90°, and cos L(3)= =2
we have
aff —Bd==xZ

Art. 14, p. 100, 1. 19. Here X, ¥, Z; £ v, {; 0, 0, 1 take the place of z, y,2;
2, y,2 5 ', y’, " of the top of page 89. Also (3), A take the place of L/, L”, and
¢ is the angle L in the note at the top of this page.

Art. 14, p. 101, 1. 2 fr. bot. In the German text {{ X —n XY Z+ £ Y*Z] stands
for X+ W XYZ—EYPZY.

Art. 15, p. 102, 1. 13 and the following. Transforming to polar coordinates,
7, 0, ¥, by the substitutions (since on the auxiliary sphere » =1)

X=sinfOsiny, Y=sinfcosy, Z=cosb,
d X =gin 0 cos ¢ dy + cos O siny d 0, d Y =—sin @ sin dys + cos 0 cos Yy d 0,

A
(1) ={—z (XdY—YdX) becomes cos 0 di.
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In the figures on page 102, PL and P’L’ are arcs of great circles intersecting in
the point (3), and the element L', which is not necessarily the arc of a great circle,
corresponds to the element of the geodesic line on the curved surface. (2)PP’(1)
also is the arc of a great circle. Here P'P=dy, Z= cos § = Altitude of the zone
of which L' P'P is a part. The area of a zone varies as the altitude of the zone.
Therefore, in the case under consideration,

Areaofzone Z

2a 1°
Also
Ara LI/ PP dy
Areaof zone =~ 27

From these two equations,
(2) Area LL'P'P = Z dv, or cos 0 d.
From (1) and (2)

- T_Z—iz (Xd¥Y— YdX)=Area LL'P'P.

Art. 15, p. 102. The point (3) in the figures on this page was added by the
translators.

Art. 15, p. 103, 11. 6-9. It has been shown that d¢ = Area LL'P’'P,=d A, say.
Then

¢’ A
Jap=faa,
é 0

or
¢’ — ¢ = A, the finite area L L' P'P.

Art. 15, p. 108, 1. 10 and the following. Let A, B’, B, be the vertices of a
geodesic triangle on the curved surface, and let the corresponding triangle on the
auxiliary sphere be L L’ L', L, whose sides are not necessarily arcs of great circles. Let
A, B', B, denote also the angles of the geodesic triangle. Here B’ is the supple-
ment of the angle denoted by B on page 103. Let ¢ be the angle on the sphere
between the great circle ares L\, L (3),¢. e., =(3) L\, N corresponding to the direc-
tion of the element at A on the geodesic line AB’, and let ¢’ = (3) L'\, \; correspond-
ing to the direction of the element at B’ on the line AB’. Similarly, let = (3)Lp,
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¢ =(3) L' py, py py denoting the directions of the elements at

A, B, respectively, on the line A B,. And let y=(3)L', Y
x.= (3) L/yv,, v, v, denoting the directions of the elements at
B, B,, respectively, on the line B’ B,. &
Then from the first formula on page 103, &
¢ —¢d=Area LL' P'P,

¢ — ¢ = Area LL', P' P, : -
X, — x = Area L' I/, P’ P', £ PR
V—g— (¢ —¢)— (x,—x) =Area LL' | P'\ P — Area LL' P’P— Avea L'/, P"\ I,
or
1) =9+ Kx—¢)+ W —x)=Area LL\I/ L.
Since N, p represent the directions of the linear elements at A on the geodesic
lines A B’, A B, respectively, the absolute value of the angle A4 on the surface is meas-
ured by the arc w\, or by the spherical angle wLZX. But ¢ —¢=3)LA—(3)Lpu

=uLl\.
Therefore
Ny =4y
Similarly
180° — B' =— (x — ),
B 1 ‘Pl — Xr

Therefore, from (1),
A+B + B —180°= Area LL', L' L.

Art. 15, p. 103, 1. 19. In the German text LL'P'P stands for LI/ P’ P,
which represents the angle ¢/ —4.

Art. 15, p. 104, 1. 12. This general theorem may be stated as follows:

The sum of all the angles of a polygon of # sides, which are shortest lines
upon the curved surface, is equal to the sum of (»—2)180° and the area of the
polygon upon the auxiliary sphere whose boundary is formed by the points Z which
correspond to the points of the boundary of the given polygon, and in such a manner
that the area of this polygon may be regarded positive or negative according as it is
enclosed by its boundary in the same sense as the given figure or the contrary.

Art. 16, p. 104, 1. 12 fr. bot. The zenith of a point on the surface is the cor-
responding point on the auxiliary sphere. It is the spherical representation of the
point.

Art. 18, p. 110, 1. 10. The normal to the surface is here taken in the direction
opposite to that given by [9] page 107.
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CORRIGENDA ET ADDENDA.

Art. 11, p. 20, 1. 6. The fourth Z should be Z.

Art. 18, p. 27, 1. 7. For v (EG—F*).dp.df read 2 v (EG—F*) .dg . do.
The original and the Latin reprints lack the factor 2; the correction is made in all
the translations.

Art. 19, p. 28, 1. 10. For g read g.

Art. 22, p. 34, 1. 5, left side; Art. 24, p. 36, 1. 5, third equation; Art. 24,
p. 38, 1. 4. The original and Liouville’s reprint have ¢ for p.

Note on Art. 23, p. 65, 1. 2 fr. bot. For p read ¢.
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